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1 Introduction

Process logic [11] extends dynamic logic [12] from reasoning about the final states of program executions to reasoning
about the whole execution process. In ordinary dynamic logic, a formula [e]¢ states that every terminating execution
of program « ends in a state satisfying ¢. This view has supported a wide range of program logics, including logics for
process algebra [14], programming languages [12], synchronous systems [5], hybrid systems [18], and many related
verification frameworks. Process logic strengthens this setting by allowing ¢ to describe trace properties using linear
temporal logic (LTL [19]): a formula [«]¢ states that every execution trace of « satisfies the temporal property ¢. ¢ can
speak about what happens during the execution rather than only after termination [11]. This makes process logic a
natural formalism for specifications in which intermediate behavior is essential.

The propositional theory of process logic (PPL) has been thoroughly studied, including decidability and complete-
ness [11]. The first-ordered level, however, is more delicate. First-order process logic (FOPL) interprets atomic programs

as concrete computations, such as assignments over an arithmetic structure, and interprets atomic propositions as
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2 Y. Zhang

predicates over program states. This expressiveness is necessary for reasoning about actual computational systems, but
it also exposes a structural difficulty: the proof system of PPL does not lift smoothly to the first-order case (cf. [11]).
In particular, for a sequential program « ; 8, a proof of [« ; f]¢ would require a compositional way to split the trace
property ¢ across the executions of « and . Such a split depends heavily on the shape of the LTL formula involving
operator n (next), O (always), ¢ (eventually), or U (until).

Several lines of work address fragments of this difficulty. Beckert’s sequent calculus for first-order dynamic logic
(FODL) with trace modalities studies formulas of the form [|a|]¢, which correspond to the special process-logic case
[a]O¢ [4]. Its proof system is complete for deterministic while programs. The crucial compositional rule for sequence
programs reduces [a ; f]O¢ to obligations about the trace of & and the subsequent behavior of 5, but this rule is specific
to the always modality O. Later, [17] employs the trace modality of DLT in a differential temporal dynamic logic (to
avoid ambiguity, we name it DTL,;) for the more general regular programs, but it remains open whether the proof
system of DLT is complete for this broader class. [22] points out that the proof system of DLT is insufficient to derive
every valid temporal properties of general sequential regular programs, and thus needs to be improved. A variant
of DTL; which we name DTLZ [13] extends DLT to a richer collection of temporal modalities for reasoning about
properties such as [a] O$. Moreover, [1] establishes the completeness of DTL, for the deterministic fragment of regular
programs. However, DTL4? does not handle temporal operators such as until (U). Based on DLT, dynamic trace logic
(DTL) [2] is the first to propose a complete calculus for all LTL operators, but only for deterministic while programs
rather than the nondeterministic regular programs.

Consequently, none of these systems above provides a complete proof-theoretic treatment of full first-order process
logic over regular programs.

This paper takes a different route. Instead of searching for increasingly complex compositional rules for temporal
formulas, we enrich process-logic formulas with labels that explicitly record the relevant execution information. A
labelled formula has the form o : ¢, where o represents a trace-like program configuration and ¢ is a process-logic
formula. Labels make intermediate execution information available inside the proof system, so that the proof no longer
needs to split every sequential trace by a special-purpose temporal rule at the point where the sequence is encountered.
The labelled form is conservative over ordinary process logic: an unlabelled formula can be recovered by using a free
trace variable as its label.

Based on this idea, we develop labelled proof systems for both propositional and first-order process logic. The
propositional system, G3PPL, extends labelled sequent techniques for modal logics [15] and for non-wellfounded
labelled proof systems for dynamic logic [9], but adapts them to the trace semantics of process logic. Since regular
programs include iteration, proof search may generate cyclic derivations. We therefore equip the labelled systems with
cyclic proof conditions in the style of cyclic proof theory [6, 7, 20]. The cyclic condition provides the mechanism that
distinguishes sound cyclic reasoning from arbitrary finite graphs with unsound back-links.

To our best knowledge, our work is the first to provide a complete logical framework for first-order process logic
over regular programs.

The contributions of the paper are as follows.

e We introduce labelled versions of process-logic formulas, defining trace labels for PPL and update-based labels
for FOPL.
o We define cyclic labelled proof systems G3PPL and G3FOPL, sharing a common labelled framework while using

rules specific to propositional and first-order process logic.
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Labelled Process Logic 3

e We prove the soundness for the cyclic labelled systems by reducing every progressive infinite derivation path to
an infinite descent in a well-founded multiset ordering.

e We prove the completeness of G3PPL by deriving the proof system of PPL, and establish the corresponding
first-order result for G3FOPL through the usual arithmetical encoding of FODL.

The rest of this paper is organized as follows. Section 2 first recalls the syntax, semantics, and proof-theoretic
background of process logic. Section 3 then provides an overview: it motivates our labelled approach by showing how
classical and existing trace-based program logics are embed into process logic and what are their limitations in details,
and describes the high-level design of our work. Section 4 introduces labelled PPL formulas and the proof system
G3PPL, followed by the analysis and proofs of its soundness and completeness in Section 5 and 6 respectively. The
first-order labelled system G3FOPL is developed afterwards in Section 7, where we also analyze its soundness and

completeness. The appendix contains the detailed derivations and auxiliary proofs used by the main theorems.

2 Brief Introduction to Process Logic

This section recalls the parts of process logic that are used in the rest of the paper. We first review propositional process
logic [11], including its syntax, trace semantics, and proof system, and then describe the first-order instance over
arithmetic that is used when defining labelled FOPL formulas.

2.1 Propositional Process Logic

DEFINITION 2.1 (SYNTAX OF PPL FORMULA). Let a range over atomic programs and p range over atomic propositions.

The syntax of programs, trace formulas, and state formulas is given by:
a=gralP?|a;alaVala’,
w=qr ¢ | fr|msufm,
¢ =ar true|p| =g $A¢|[alr,

Here a is an atomic program, also called an action. The program ¢? is a test, & ; § is sequential composition, o U f8 is
nondeterministic choice, and a* is finite iteration. The modality [a]r states that every trace generated by executing o
satisfies the trace formula 7.

The symbol p denotes an atomic proposition. A trace formula 7 is evaluated over a finite trace rather than only over a
single state. The formula f 7 states that 7 holds at the first state of the current trace, while ; suf 7 is the process-logic
until-like suffix connective (cf. [11]): along a proper suffix of the current trace, &, eventually holds and 7; holds on the

intermediate suffixes. The standard temporal operators of LTL can be expressed by f and suf (cf. [11]), for instance:

ng = (—true)suf ¢, pUY = ¢ V (¢ A psuf ),
where n denotes the next operator and U denotes the until operator of LTL [11]. Intuitively, n ¢ holds on a trace when
¢ holds from the second state onward, while ¢ U/ holds when ¢ eventually holds and ¢ holds on all intermediate steps.
Other Boolean connectives, such as V and —, are treated as abbreviations in the standard way. We also use the dual
modality (@), defined as —~[a] -, to state that there exists an execution trace of « satisfying 7.

The semantics of PPL is based on worlds, which abstract program states. A trace tr over a set S of worlds is a
finite non-empty sequence of worlds. Given two traces try, tr, € S* with tr; =47 s1...5, and try =gf t1 ... by, their
concatenation tr; - try is defined as s; ... spt ...ty When s, = t;. For a trace tr, let try, and tr, denote its first and last
elements. We write try < tr, when try is a suffix of tr;, and tr; < tr, when it is a proper suffix.
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4 Y. Zhang

A Kripke frame is a pair (S, I'), where S is a set of worlds and I interprets each atomic program as a set of length-two

traces and each proposition as a set of worlds.

DEFINITION 2.2 (SEMANTICS OF PPL). Given a Kripke frame (S, I'), the semantics of a program and a formula are
defined as an extension of function I. It is defined by simultaneous inductions on the syntactic structures of both programs

and formulas:

T($?) =af {ss|s € I($)}.

I(a;p) =ar I(a)-Z(P), where I(a)-I () =qr {tritra | try € I(a),tr, € Z(P)}.
I(aUp) =45 I () VUI(P).

I(a") =4r Unso L (a"), where a® =qf true?, a" =g a;a™ 1 (m>1).

I (true) =45 S.

I(=¢) =ar S\ 1(¢9).

L(pNY) =ap T(P) NI ().

I(£¢) =a {tr | trp € I($)}.

I(psuf ) =g {tr | Itr'.tr’ <5 tr Atr' € I(Y) A (Vir".tr’ < tr” < tr — tr' € 1($))}.
I([a]¢) =af {tr| foralltr’ € I(a), trtr' € I(¢)}.

o2 N LR W N =

~
S

The clauses above follow the intended trace interpretation of regular programs and process formulas. Tests produce
stuttering traces when their condition holds; Sequence composes compatible traces; Choice takes union; And iteration
takes the union over all finite unfoldings. Boolean connectives are interpreted set-theoretically. The trace operators
inspect the beginning and suffixes of a trace, and [«a]¢ holds of a trace precisely when appending any trace generated
by « yields a trace satisfying ¢.

Given a Kripke frame (S, 7), a trace tr € S* satisfies a formula ¢, written tr |=(s 1) ¢ or simply tr |= ¢, if tr € T ().
State satisfaction is included as the special case of traces of length one.

The proof system of PPL is recalled in Table 1. It consists of the usual propositional dynamic logic (PDL) axioms
and rules (cf. [12]), together with the additional rules for process-logic trace operators. For the explanations of these
additional rules, one can refer to [11].

The following result is directly from [11].

PROPOSITION 2.1. The proof system of PPL in Table 1 is sound and complete.

2.2 First-order Process Logic

First-order process logic (FOPL) enriches PPL by interpreting atomic programs as concrete assignment steps over
an arithmetic structure and atomic propositions as first-order predicates over program states. This expressiveness is
sufficient to capture a wide range of computational systems: first-order dynamic logic (FODL) underlies verification
frameworks for Java [3], hybrid systems [18], and synchronous programs, among others.

When studying FODL, it often considers a first-order structure where first-order quantification is allowed [12]. In
this paper, for simplicity of discussion, we consider a simple version of the arithmetic theory over integers, named ¥,
as the first-order structure for the first-ordered level of process logic. The arithmetic theory over integers is expressive
enough to capture most interesting computational structures in computer systems. The result of this paper can also be
easily extended to other first-order structures.
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No. Rule or axiom
PDL part
(1) [a](¢ = ¥) = ([a]l¢ = [a]y)
%) [al(¢ AY) o [alg Alaly
3) [aUplp o [a]¢ A B¢
(4) [a:fl¢ o [al[Blé
() [¥?1¢ & (¥ = ¢)
(6) [a*]$p & ¢ Alalla”]g
™ pALa"](¢ - [alg) - [a"]
o) Rt
’ ¢

——— (Gen
Gy Tagp
PPL-specific part
@) flovy) o fpviy
(ii) f-¢p & -f¢
(i) (¢suf ) v ($suf x) o $suf(y v x)
(iv) (psuf ) A (ysufw) & (@A x)suf (Y Aw)V (PA yx)suf(pAwAdsuf ) V (¢ A x)suf (¥ A y A ysuf w)
W) —(¢psuf ) & —(truesuf ) vV (=¢) suf (=g A =)
(vi) dsuf y &> nyyvn(p A (¢psufy))
(vii) Psuf (¢ A (¢psuf ) & n(p A (sufy))
(vii) $suf (g A ($suf ) o psuf($ Any)
(ix) fntrue & false
(x) —$ A p — ntrue
(xi) p < fp, where p is an atomic proposition
(xid) fon{a)y o (a)(EPpny)
(xiii) n{a)p & ntrue A{a)n¢o
(xiv) {(a)true — fin
(xv) ((ng — ¢)sufp) > ng

Table 1. Axioms and rules of propositional process logic.

In the following of this paper, let Var be the set of variables over the integer set Z. We use letters u, v to range over

the variables of Var. An arithmetic expression (simply “expression”) e is defined recursively as follows:
e=grulnlerae,

where u € Var, n € Z is a constant, <€ {+, —, %, +} represents the usual operators in U. In A, a world is a mapping
from Var to Z. Given a world s : Var — Z, s[u > i] returns a mapping that maps u to value i € Z and maps any other
variable v to the value s(v). Given an expression e, the evaluation of e by s, denoted by s(e), is defined in the usual way:
s(n) =qr n; s(e1 > ez) =45 s(ey) > s(ey) for any ey, e;.

A formula in first-order process logic (FOPL) is defined just as in Definition 2.1, except that an atomic program
is an assignment u := e, where u € Var is a variable and e is an expression; An atomic formula p is a predicate of
the form e; Ae;, where A € {<, <, >, >, =} are the usual binary integer relations; Given an FOPL formula ¢, Yu.¢$(u)
is also a formula quantified by operator V on variable u € Var. The evaluation of p by s is defined in the usual way:
s(ernez) =45 s(er)As(er).

The substitution in FOPL is defined in a usual way. Given a formula ¢, ¢[e/u] denotes the result obtained by replacing
each free occurrence (not bound by any quantifier) of variable u with term e in ¢. We always assume that a substitution

is admissible, in the sense that the substitution does not affect the freeness of the other existing variables in ¢ except u.
Manuscript submitted to ACM



6 Y. Zhang

The special theory U fixes the Kripke frame in FOPL, namely (Sﬁ,, Ifo), where Sfo is the set of all worlds in U, and

I, interprets an assignment and a proposition in U as follows:

L Ip(u:=e)={ss" | s =s[ur> s(e)]}.
2. Ip(p) = {s | s(p) is true in theory A}.

The semantics of FOPL is defined by extending the definitions of (S, Zf,) to other programs and formulas, which is

defined just as in Definition 2.2, except that for a quantified formula of the form Vu.¢, we have

I, (Vu.g) = {s | Vi € Z.s[u — i](¢)}.

3 Overview

Having recalled the basic definitions of process logic, we now step back and ask: why do we need a new proof framework,
and how does our approach work? This section gives an informal tour of the main ideas before the technical development
begins.

Section 3.1 motivates our work by showing that classical and trace-based program logics can be embedded into
process logic, making a complete proof system for it broadly useful. Section 3.2 introduces the core idea of the cyclic

labelled approach and outlines the soundness and completeness arguments for the proposed labelled systems.

3.1 Motivations of Process Logic

Process logic is highly expressive: its trace-based formulas subsume classical Hoare triples, dynamic-logic modalities,
and the richer LTL-flavoured properties studied in recent traced program logics. Providing a complete proof system for
it is therefore both theoretically significant and broadly applicable, yet non-trivial — especially at the first-order level.
In the subsections below we make this motivation concrete by showing how the key logics from the literature each

embed into process logic.

3.1.1 From State Properties to Trace Properties: Hoare Logic and Dynamic Logic. Because process logic evaluates
formulas over execution traces, it is strictly more expressive than purely state-based logics. In particular, it subsumes
the classical Hoare-logic specification {¢}a{y}, which asserts that if a program state satisfies the precondition ¢ then,
after executing program a, the resulting state satisfies the postcondition .

In process logic, this correctness condition is captured by the formula
¢ — [a]o(ko — V),
where the auxiliary abbreviations are defined as follows [11]:
O¢ =ar ~(O-9),
O@ =qr trueUg,
Lo =45 ~ntrue.

Here, O (“always ¢”) means that ¢ holds at every state along the current trace; O¢ (“eventually ¢”) means that ¢ holds
at some state along the trace; and L (“last state”) is a formula that holds precisely at the final state of a trace, since
- n true is satisfied exactly when there is no next step. Thus O(Ly — ) asserts that at the last state of every execution
trace of « the formula ¢ holds — which is exactly the Hoare postcondition.
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Labelled Process Logic 7

Process logic also subsumes classical dynamic logic. In dynamic logic, every formula is a state formula — it is satisfied
by a single world, not by a trace. The box modality [a]¢ therefore asserts that the world obtained after executing « (in
any possible way) satisfies ¢. Because process logic evaluates formulas over traces rather than over single states, the

equivalent process-logic statement must single out the last state of the execution trace. This is achieved by the formula

[2]O(ke — ¢),
which, by the same reasoning as above, says that at the final state of every execution trace of & the formula ¢ holds.

3.1.2  Existing Trace-Based Dynamic Logics and Their Limitations. Process logic also subsumes the various trace-
semantic-based dynamic logics discussed in Section 1. For each, we briefly explain its core idea and show how its
key formulas and rules can be expressed in process logic. We also highlight the limitations of each approach, which
motivates our own labelled framework introduced in Section 3.2.

Dynamic Logic with Trace Modalities (DLT). DLT [4] extends FODL with a trace modality [| - |] that captures the
intermediate worlds visited during program execution. In DLT, the underlying program model consists of deterministic
while programs, and the proof system is proved to be complete for this class [4]. The formula [|a|]¢ means that ¢ (a
state formula) holds at every intermediate world along every execution trace of a. In process logic, this is captured
precisely by

[¢]og,
using the “always” operator O introduced earlier.

For sequential programs, [4] proposes the following compositional rule, which we call ([;] — 0):

[lallg A [lal][181]¢
[le;Bl]¢

Expressed as a process-logic axiom, this rule becomes:

[a; 1O < [a]Og A [a](last[F]Og),

where lastp =43¢ O (¢ A L) for any formula ¢. Intuitively, last ¢ means that ¢ holds at the last state of the current

trace: O (¢ A Ly) requires that there is some state on the trace that is simultaneously the final state (L) and satisfies
¢. The axiom then says: every trace of « ; ff satisfies O¢ if and only if every trace of « already satisfies O¢, and at the
end of every trace of a, every continuation trace of f also satisfies O¢. In other words, the axiom splits the sequential
execution into two parts and ensures that ¢ is maintained throughout both segments. In process logic, this rule is more
complex than the simpler rule (4) of Table 1 for handling sequential programs.

The subsequent work [17] proposes the logic DTL;, which adopts the trace modalities of DLT as an extension to
differential dynamic logic [16], applying them to the more general regular programs. However, it remains open whether
the system fragment of DLT in DTL, is complete for this broader program class. Moreover, [22] shows that for regular
programs the direction [a; f]0¢ — [a]O¢ A [a](last[f]O¢) does not hold: a test in « ; f may block a trace of & from
continuing as a trace of f, thereby invalidating the compositional split. Consequently, rule ([;] — O) is too strong and is
thus insufficient to derive all valid trace properties for arbitrary regular programs.

Differential Temporal Dynamic Logic DTLZ. It was later observed in [17] that rule ([;] — O) cannot be directly
applied to reasoning about [a] O¢ for the “eventually” operator ¢: the rule breaks down because distributing the ¢
modality over a sequential composition does not follow the same pattern as 0. To handle “eventually” formulas, [13]
introduces the logic DTL2, which enriches formula [a] ©¢ to the richer form [a] (¥ U ¢ ¢) and proposes a compositional
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8 Y. Zhang

le ([;] - <):
o [2] ([B](Y LU ©9) U O9)
[a; f1(Y L O¢)

In process logic, the formula [a] (¥ Ll O¢) is captured as

[2] (¥ v ©9),

which means that each trace of « satisfies either ¢ or ¢¢. And the rule ([;] — ¢) becomes the axiom:

[a; B1(Y vV ©4) < [al(last([F](Y V ©4)) V ).

Informally, the axiom decomposes the “eventually” property of the sequential program « ; f: the combined execution
satisfles i V O ¢ if and only if, at the end of every a-trace, either (i) ©¢ has already been witnessed within that a-trace,
or (ii) the subsequent S-execution will witness ¢ V &¢ from that terminal state.

A later work [1] proves that DTLé is complete for deterministic program behaviours, i.e., when the choice operator
U in a regular program does not yield non-deterministic behaviours, e.g., $?;aU —¢? ;b for any ¢, a, b. However, the
completeness for general regular programs with genuine nondeterminism remains open; moreover, it is not clear
whether any fixed set of compositional rules suffices to handle all LTL operators uniformly.

Dynamic Trace Logic (DTL). An earlier work [2] proposes another variant of trace-based dynamic logic called
dynamic trace logic (DTL). The program models of DTL are restricted to while programs, which are deterministic:
given a fixed starting world, there is only one possible execution trace. Under this restriction, the proof system of DTL
can derive every valid formula [a]¢ for an arbitrary LTL formula ¢. The key insight is that compositional rules for a
single deterministic trace work uniformly for all types of temporal properties. However, this argument breaks down for
regular programs in general, where nondeterminism allows multiple possible execution traces and the compositional

rules must handle branching.

3.2 Labelled System & Our Approach

3.2.1 An Labelled Approach for Process Logic. We adopt an alternative approach to provide a complete logical framework
for process logic at both the propositional and first-order levels. Our approach draws on the rich tradition of labelled
proof systems for modal and dynamic logics [9, 15], which augment formulas with explicit structural information —
called labels — that records the relational or semantic context in which a formula is evaluated. By making this context
part of the formula itself, labelled systems often admit cleaner, more modular inference rules than their unlabelled
counterparts.

Following the main idea from prior work on labelled dynamic-logic systems [9, 21, 23], we introduce a label o to
capture the current execution-trace information accumulated during a derivation. A labelled process-logic formula
takes the form o : [a]$, meaning that under the trace information recorded in o, every execution trace of « satisfies
formula ¢. This labelled form is strictly more general than the plain formula [&]$: when o is a free trace variable X
with no additional constraints, o : [a]¢ and [«]¢ share the same validity.

To see why labels help, consider the formula
{x:=1}: [x:=2;x:=3]O(x > 0),

which means that given the execution trace information {x := 1} (recording that x was set to 1 at the first step), every
continuation via program x := 2;x := 3 produces a whole trace satisfying O(x > 0). By applying a labelled version of
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Labelled Process Logic 9

the sequential-composition rule, we can unfold this derivation step by step, accumulating execution information in the

label:
{x=1}o{x:=2}o{x:=3}:0(x>0)

{x =1}o{x:=2}: [x:=3]0(x = 0)
{x:=1}: [x:=2][x:=3]O(x = 0)
{x:=1}:[x:=2;x:=3]O(x>0) ,

where the label {x := 1} ¢ {x := 2} ¢ {x := 3} records the full execution history. Once all programs have been unfolded,
the verification goal reduces to checking whether this concrete label satisfies the temporal formula O(x > 0) — a much
simpler task. This contrasts with the traditional approach using rule ([;] —0), which would split [x := 2;x := 3]0(x > 0)
into separate sub-goals [x := 2]0(x > 0) and [x := 3] (last([x := 3]O(x > 0))) that must be handled independently.

The formal construction of the labelled systems for PPL and FOPL — namely G3PPL and G3FOPL — is carried out in
Sections 4.1, 4.2, 7.1, and 7.2, respectively.

Similar to [9, 21], our labelled system for process logic does not directly support reasoning about iterative regular
programs: when unwrapping the iterative structure, the same program form repeats during a derivation, producing an

infinite derivation. The following derivation illustrates this:

{x:=n}o..of{x:= 1} o X : [(x:=1)*]true

{x:=1}o X :“[.(x = 1)*]true
X : [(x:=1)"]true ,

where at each derivation step, x := 1 is symbolically executed and (x := 1)* is transformed into itself, starting a new
loop.

To solve this problem, we adapt the cyclic proof approach [6, 7, 20] to our labelled system. A cyclic proof (Definition 4.7)
admits a certain type of derivation branches whose leaf nodes either terminate (closed by an axiom) or can “backlink”
to some identified ancestor along the same branch. For instance, formula X : [(x := 1)*]true can be closed by a suitable
variable substitution to form a leaf node Y : [(x := 1)*]true that backlinks to the root X : [(x := 1)*]true (modulo

free-variable renaming):
Y [(x:=1)*]true

{x:=1} o X : [(x:=1)"]true
X : [(x:=1)"]true

(sub)

We discuss the condition — called “cyclic condition” (Definition 4.6) — under which such a cyclic derivation constitutes
a legal cyclic proof that leads to a valid conclusion.
Sections 4.3 and 7.2 present the details of the cyclic theories for G3PPL and G3FOPL, respectively.

3.2.2  Analysis of Soundness and Completeness. As the major theoretical results, we fully prove the soundness and
completeness of the proposed labelled systems for process logic.

Soundness. We establish soundness at two levels. First, each individual rule of the labelled system is locally sound
(Theorem 4.1). Local soundness alone does not suffice, however, because a cyclic derivation may contain infinite
derivation branches, and local soundness does not directly guarantee that such a branch leads to a valid conclusion. We

therefore establish a second, global soundness result: every cyclic derivation satisfying the cyclic condition yields a
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10 Y. Zhang

valid conclusion. This is discussed in detail in Section 5. For both G3PPL and G3FOPL, the soundness arguments follow
the main strategy from [21], adapted with non-trivial technical details specific to the trace semantics of process logic.

Completeness. We establish completeness using different proof methods for G3PPL and G3FOPL, discussed in
Sections 6 and 7.3 respectively. For G3PPL, the key idea is to show that the labelled system can simulate every axiom
and rule of the established Hilbert-style proof system for PPL displayed in Table 1. We present the technical details
for the critical “Necessitation” rule and the PDL axioms (rules (1)—(7), (MP), (Gen)), leaving most of the proofs for
the process-logic-specific axioms (rules (i)-(xv)) to the appendix. For G3FOPL, we adapt the classical completeness

argument for FODL [10, 12] to the labelled setting with trace semantics, providing the necessary technical modifications.

4 Labelled Propositional Process Logic

This section develops the labelled propositional process logic and its proof system. We first define labels and labelled

formulas, then present the labelled sequent rules and the cyclic proof condition required for regular-program iteration.

4.1 Labelled PPL Formulas

DEFINITION 4.1 (LABELs oF PPL). A label ¢ is a trace defined as follows:
o=qre|x|X|ooo0,

where x is a label variable for worlds; X is a label variable for traces of worlds; ¢ is a concatenation operator between label

variables; ¢ is called the “empty label”, which satisfies that o ¢ ¢ = € o 0 = o for any label 0.

Use L to denote the set of all labels. Use WVar to express the set of all label variables for worlds; use TVar to express
the set of all label variables for traces. Define LVar =4y WVar U TVar be the set of all label variables.

The substitution on labels is defined in a natural way: for a label o, o[¢’ /U] returns the label by replacing each free
occurrence of variable U € LVar with label ¢’. Since no quantifiers for label variables exist, all occurrences of label

variables are free.

DEFINITION 4.2 (LABEL MAPPINGS OF PPL). Given a Kripke frame (S, I'), a world mapping w in PPL is a function from
WVar to S.
A label mapping m is a function from L to the set S* of world traces, defined as follows:

i ' m maps a variable X € TVar to a trace of worlds in S*.
ii m(e) =df €.
iii m(x) =df w(x).

iv m(oy 0 0z) =g m(oy) - m(02).
Denote the set of all label mappings (w.r.t. (S, 7)) as M(S, T) (simply M).
DEFINITION 4.3 (LABELLED PPL Formuras). A “labelled PPL formula” is of the form:
o9,
where o € L, ¢ is a PPL formula.

DEFINITION 4.4 (SEMANTICS OF LABELLED PPL ForMULAS). Given a Kripke frame (S, I') and a set M of label mappings

wr.t. (S, I), the satisfaction relation m |=y o : ¢ of a labeled formula o : ¢ by a label mapping m (w.r.t. M) is defined
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such that

m ey o ¢, ifm(o) =s1) ¢

Simply write =y as |= if from the context M and (S, ') are clear.

4.2 A Proof System for Labelled PPL

A sequent is a logical argumentation of the form:
I'=> A,

where I' and A are finite multi-sets of formulas, called the left side and the right side of the sequent respectively. We use
dot - to express I' or A when they are empty sets. Intuitively, a sequent I' = A means that if all formulas in I" hold, then
one of formulas in A holds. We use v to represent a sequent. An inference rule is of the form
Vi e Vn
4 >
with the premises vy, ..., v, and the conclusion v. The semantics of the rule is that the validity of sequents vy, ..., v,
implies the validity of sequent v. We call a formula pair (7, 72) a conclusion-premise (CP) pair if 7; and 7, belong to

nodes v, v; for some 1 < i < n respectively. In this paper, we use a double-lined inference form:

d1 o Pn
¢
as a shorthand to represent both rules
I'=¢,A ... T=¢,A Tgpr=A ... Ig,=>A
I'=¢,A and ILg=A ,

provided any context I and A.

Given a proof system, i.e., a set of inference rules, a proof of a sequent is a finite proof tree formed by deriving
the sequent by applying these rules backwardly (i.e., from the conclusions to the premises). In this tree, each node
is a sequent; the root node is the sequent itself (the conclusion); each leaf node is terminal in the sense that it is the
conclusion of an axiom. We say that a sequent can be proved if there is a proof for it.

The proof system of labelled PPL is displayed in Table 2, 3 and 4, which consists of 3 parts: the rules for regular
programs (Table 2), which are extended from the G3 sequent calculus for modal logics [15], the rules for trace formulas
(Table 3), which are special in process logic, and the rules for labelled version of proposition logical formulas (Table 4),
which are augmented based on the classical sequent calculus for propositional logic. We call the resulting proof system
G3PPL.

In the displayed rules of G3PPL, a target pair is the CP pair explicitly transformed in the rule, apart from the
unchanged contexts I and A. E.g., (6 ox : [a]§,0 0 x oy : @) is a target pair of an instance of rule ([a]R), where
ooxoy: @ is transformed from oo x : [a]$. While (o ox : [a]¢, x R, y) is not a target pair since x R, y is new generated,
not transformed from o ¢ x : [a]$. The structural rules (sub), (ax), and (cut) do not have target pairs.

The rules for regular programs in Table 2 follow the standard labelled-sequent treatment of modal operators [15],
adapted to the trace semantics of PPL. Rules ([a]R) and ([a]L) handle the box modality over atomic programs: to prove
oo x : [a]@, rule ([a]R) introduces a fresh world variable y representing the successor of x under action a, reducing
the goal to o o x ¢ y : ¢ with the relational atom xR,y in the antecedent; rule ([a]L) uses an existing relational atom to
consume the modality from the left. Rules ([¢#?]R) and ([¢?]L) handle tests: a test /? produces a stuttering trace, so

the rule appends x to itself and requires the test condition to be satisfied. Rules ([;]), ([U]), and ([*]) unfold sequential
Manuscript submitted to ACM
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Rule Schematic form

ILxRey=>o0o0x0y:¢,A

([a]R) Tooox:[alph , where y € WVar is fresh
Tooxoy:¢p=A
([alL) Toox:[alpxRay= A , for some y € WVar
) Ixox:y=>o00x0ox:¢A
([$71R) I'=oox:[Y?]p,A
Tooxox:¢g=A
o
([$71L) Loox:[Y?]lp,xox:yy=>A
, o [llp)g

(D o La:lp

o:lalg AlBlg
n ToilaUhle

o:[true?Ua;a” )¢
([=]) W

I'=>A

(sub) W , where U € LVar is fresh w.r.t. T and A

Table 2. Rules of G3PPL for regular programs and label substitution.
Rule Schematic form

x:p
) Top
x:¢

®) xoo:f¢

oYV (PApsufyy)
(suf) xoo:¢psufy
(suf x) Ix:¢psufy = A

Table 3. Rules of G3PPL for trace formulas.

composition, choice, and iteration, respectively, matching the standard PDL axioms (Table 1). Rule (sub) substitutes a
fresh label variable U with a concrete label o throughout a sequent; it is the key mechanism for constructing back-links
in cyclic proofs.

The rules for trace formulas in Table 3 capture the semantics of the temporal operators in process logic. Rule (p)
states that an atomic proposition p evaluated on a trace x ¢ ¢ depends only on the first world x: if x : p holds, then
so does x ¢ o : p for any o. Rule (f) similarly reduces the evaluation of f ¢ on x ¢ ¢ to the evaluation of ¢ at x alone.
Rule (suf) is the key rule for the suffix connective: on a trace x ¢ o, the formula ¢ suf i reduces to the disjunction
YV (¢ A psuf ) on o, reflecting that either the suffix o already satisfies ¢/, or it satisfies ¢ and the same condition
propagates along o. Finally, rule (suf x) is an axiom that closes a branch when the trace reduces to a single world
variable x: since x has no proper suffix, x : ¢ suf ¢ is vacuously false and the branch terminates.
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Rule Schematic form
_ (ax)
(ax) lo:¢g=0:¢9,A
I's0:0,A T,0:p=>A
(cut) ¢I‘ SA ¢ (cut)
(wh) e
c:p0:¢
(ctr) = ()
o:¢
T,o:¢p=>A
(=R) e )
I'=0:2¢,A
I'=o0:¢,A
(-L) — (D
Io:=¢=A
I's0:0,A T=>0:y,A
(AR) ¢ v (AR)
IT=s0:9AY,A
lo:¢p,0: ¢y =A
(AL) Loipo:y=4 )
T,o: gAYy = A
Table 4. Primitive propositional and structural rules of G3PPL.
Rule Schematic form
I'=so:¢,0:¢,A
(vR) [20:40 0
I'=0c:¢0VYA
lo:¢g=A T,o:y=A
(VL) 9 4 (vL)
To:pVy=A
lLo:¢p=>o0:Y,A
(—>R) # (—>R)
I'so0:¢—>Y,A
I's0:0,A T,o:Yy=A
(—1L) ¢ 4 (=L)

To:pg—=>¢y=A

Table 5. Derived propositional rules used in G3PPL.

The rules for labelled propositional logical formulas (Table 4) have the same meaning as their unlabelled counterparts

for the classical propositional logic.

Soundness of Rules in G3PPL is stated as the following theorem.

THEOREM 4.1. Each rule in Tables 2, 3, and 4 for G3PPL is sound.

The proof directly follows from the semantics of labelled PPL formulas. We omit it in this paper.
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4.3 Cyclic Proof Structure of G3PPL

Due to the iterative programs in regular programs, the derivation of a formula in G3PPL does not always terminate, as

the same formula form may appear repeatedly in a derivation. Here is an example:

= x:[a]p = x:[a]p (i)
. . * . v . . * . S
= x: [a*]p,x : [true?]p i 2:(. [a*]p,x : [a;a*]p (=LIULAR)
= x: [a']p,x: [a]p (ctr)
= x: [a]p

In this example, using the rules in G3PPL yields the repeated root node in two branches. Continuing using the same
rules lead to infinite derivation paths.

In cyclic proof approach, a preproof is a finite proof tree in which there exist a special type of non-terminal leaf
nodes, called buds (cf. [7]). A bud is identical to one of its ancestors in its syntactic form in the tree. A bud and its one of
its identical ancestors together is called a back-link. A derivation path in a proof tree is a sequence of nodes vyv;...vp,...
(m > 1) starting from the root node v;, where each node pair (v;, v;4+1) (i > 1) is an instance of a rule. In a preproof,
there always exists an infinite derivation path over one or more derivation branches which contain back-links.

A preproof may not be a valid proof. As in the example shown above, formula x : [a*]p is concluded in the preproof,
but it may not be true under certain Kripke frames (e.g. x : [a*]false). This induces that we need to specify a particular
cyclic condition for G3PPL, to ensure that a preproof must conclude a sound conclusion.

Below we define the notion of derivation traces in G3PPL, then introduce the progressive derivation traces for G3PPL.

Based on these concepts, we finally give the cyclic condition for G3PPL in Definition 4.7.

DEFINITION 4.5 (DERIVATION TRACES). A “derivation trace” over a derivation path pijiy... 0 vive...Vm... (k =2 0,m > 1)
is a sequence T1Ty...Tpy... Of formulas, where each t; (1 < i < m) is a formula in node v;. Each CP pair (t;, 7i+1) (i = 1) of
derivation (v;, viy1) satisfies special conditions as follows according to (v;, viy1) being the different instances of rules from
G3PPL:

1. If (vi, vis1) is an instance of rule ([a]R), ([a]L), ([¢?R]), ([$?L]), (=R), ([:]), [V]. []. (p), (), (suf), (suf x),
(=L), (AR) or (AL), then either (t;, Ti+1) is a target pair of the rule, or 7; = Tj41;
2. If (vi, vis1) is an instance of rule (sub), then 7; = sub(o) : ¢ and 1;4+1 = o : ¢ for some o € L and formula ¢;

3. If (vi, vis1) is an instance of the other rules (that do not have target pairs), then t; = Tjy1.

DEFINITION 4.6 (PROGRESSIVE DERIVATION TRACES OF G3PPL). In a preproof of system G3PPL, given a derivation
trace T1T;...Tyy... OVer a derivation path ...viVy...Vpy... (m > 1) starting from 7y in node vy, a CP pair (7;, 7i+1) (1 < i < m)
of derivation (v;, vi41) is called a “progressive step”, if (t;, Ti+1) is one of the following CP pairs for different situations of
(Vi Vis1):

1. when (vj, vi41) is an instance of rule ([a]R):
T,xRay => ocoxoy:¢,A
I'=>oox:[alg, A,

then (7, Ti41) is the pair (c o x : [a]p,c0x 0y : P).
2. when (vj, viy1) is an instance of rule ([$?]R):

Txox:y=>00x0ox:9,A
([47R])
I'=o00x:[y?]¢p,A ’
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then (;, Ti41) is the pair (c o x : [Y?]P, 00 x 0 x : P).
3. when (vi, vi+1) is an instance of rule (suf):

YV (@rgsufy)
xoo:¢sufyy euf),

then (1, 7j41) is the pair (x oo : gsuf Y, : Y V (¢ A psuf )).

If a derivation trace is finite or it has an infinite number of progressive steps, we say that the trace is “progressive”.

Say a derivation path is “progressive” if it has a progressive derivation trace.

DEFINITION 4.7 (CycLic Proors oF G3PPL). A preproof of G3PPL is called a “cyclic proof”, if there is a progressive

derivation trace over every infinite derivation path.

Section 5 shows that a cyclic proof concludes a valid conclusion.
In G3PPL, we also say that a sequent is proved if there is a cyclic proof of it. For a labelled PPL formula ¢, we write
G3PPL + ¢ (or simply + @) if sequent - = ¢ can be proved in G3PPL.

5 Soundness of G3PPL

We analyze the soundness of G3PPL for any PPL formulas. In G3PPL, a valid PPL formula ¢ can be captured by its
equivalent labeled form: X : ¢, with X € TVar. Indeed, ¢ is valid if and only if every trace satisfies it: ¢ is valid iff for
every trace tr, tr |= ¢, iff for every label mapping m, m(X) |= ¢, iff for every label mapping m, m |= X : ¢. Thus the

validity of X : ¢ in labeled process logic implies the validity of ¢ in process logic, and vice versa.

THEOREM 5.1 (SOUNDNESS OF G3PPL). For any labelled PPL formula X : ¢ with variable X € TVar, if + X : ¢, then
EX:¢.

We mainly follow the idea behind [6, 21] to prove Theorem 5.1. We proceed by contradiction, assuming that the
conclusion of a cyclic proof is invalid. Then by the soundness of the rules of G3PPL there must exist an infinite invalid
derivation path in which each node is invalid. This violates the definition of the well-foundedness (cf. [8]) itself.

Our proof follows the general strategy of [21], but relaxes the termination condition required there, since the present
work operates over a more explicit program model—namely, regular programs. The key technical contribution is the
introduction of minimal counter-example traces for PPL formulas (Definition 5.5) together with a proof that such traces
are always finite with respect to a given PPL formula and a starting trace (Proposition 5.2). This finiteness result is
what drives the well-founded descent argument central to the soundness proof.

Below we firstly introduce the concept of well-foundedness and the well-founded relation we rely on, then we focus

on the main skeleton of proving Theorem 5.1. Other proof details are given in Appendix A.1.

DEFINITION 5.1 (WELL-FOUNDEDNESS). Given a set S and a partial-order relation < on S, X is called a well-founded
relation over S, if for any element a in S, there is no infinite descent sequence: a = ay > az > ... in S. Set S is called a

well-founded set w.r.t. <.

DEFINITION 5.2 (RELATION X,,,). Given two finite sets C; and C, of strings (i.e. a sequence of alphabets), C; 2, C, is
defined if either (1) C; = Cy; or (2) set Cy can be obtained from C, by replacing one or more elements of C, each with a
finite number of elements, such that for each replaced element str, its replacements stry, ..., str, (n > 1) in Cy are proper
suffixes of str.
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PROPOSITION 5.1. Relation =, is a well-founded relation.

We omit the proof of Proposition 5.1. Intuitively, we observe that for two sets C; and C, such that C; <, G, for each
set Dg;, of the strings in C; that replace an element str in C,, the maximum length of the elements of Dg;, is strictly
smaller than that of str. By that C, is finite, C; is finite. And the maximum length of a finite set cannot be infinitely
decreasing.

Below we give the main skeleton of the proof of Theorem 5.1, deferring the details of the proof of Lemma 5.1 to
Appendix A.1.

Following the main idea above, we first introduce a class of well-founded sets called minimal counter-example traces of
PPL formulas, which relates to the semantics of PPL formulas along an invalid derivation path. We then state Lemma 5.1,
which is the key technical step in the proof of Theorem 5.1 that follows.

The introduction of the trace-associated action strings next is for computing the minimal traces in Definition 5.5.

DEFINITION 5.3 (TRACE-ASSOCIATED ACTION STRINGS). Let tr be a trace of a regular program a. The “action string” str
associated to tr (w.r.t. &) is a sequence of actions over the transitions of tr.

We ambiguously use (tr,str) € I (a) to denote that tr is a trace of a while str is the associated action string of tr.

For example, let a1, az be two actions, and let tr € I (a; ;az), then a;ja; is the action string of tr. For a trace and a

program, the action string of the trace is unique.

DEFINITION 5.4 (COUNTER-EXAMPLE TRACES). Given a Kripke frame (S, 1) and a dynamic formula ¢, the set of
‘counter-example traces” of ¢ beginning with a trace-string pair (tr, str), denoted by CT(tr, str, ¢), is the set of trace-string
pairs (that can be used to violate formula ¢ ), which is inductively defined as follows:

1 CI(tr,str, ) =qr {(tr,str)}, if ¢ is a non-dynamic formula;
CT(tr, str, [{a)]¥) =ay {(tr',str’) | (tr',str’) € I (@), tre = tr,}, if ¢ is a non-dynamic formula;
CT(tr, str, [{a)]) =ap {(tr" - tr",str’ -str”) | (tr',str’) € I (@), tre = try, (tr",str”) € CT(tr - tr', str-str', )},
if Y is a dynamic formula;

4. CTI(tr,str,y A @) =df CT(tr,str,y) U CI(tr, str,p);

5. CTI(tr,str,y V @) =df CT(tr,str,y) N CI(tr, str, p).

Note that it is possible that a dynamic formula has some non-dynamical sub-formulas. For example, in a formula

¢ = (p A [alq), ¢ is dynamical, but p is non-dynamical.

DEFINITION 5.5 (MINIMUM COUNTER-EXAMPLE TRACES). Given a Kripke frame (S, I') and a dynamic formula ¢, the

set of “minimum counter-example traces” of ¢ beginning with a trace tr € I°*, denoted by MCT(tr, ¢), is defined such that
MCT(tr, ¢) =qr {tr'" | (tr',str) € CI(tr, €, ¢), str is minimal},

where € is the empty string, satisfying that w - € = € - w = € for any string w; “minimal” means that str is a string with

minimal length among all other strings str’ such that (tr’, str’) € CI(tr, €, ¢).
The next proposition is crucial to have a well-founded relation <,,.
PROPOSITION 5.2. MCT(tr, ¢) is finite for any trace tr € S* and dynamic formula ¢.

The proof of Proposition 5.2 follows from the finite syntactic forms of regular expressions during execution. For any
regular program «, the number of its minimum trace-associated action strings is finite. So starting from a trace, there

can only be finitely many distinct execution traces whose action strings are minimum.
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We call m € M a counter-example mapping of a node v, if it is one of the mappings that make v invalid.

LEMMA 5.1. In a cyclic proof, let (o : ¢, 0’ : ¢") be a step of a derivation trace over a derivation (v,v") of an invalid
derivation path. For any set MCT(m(o), ¢) of o : ¢ w.r.t a counter-example mappiong m, there exists a counter-example

mapping m’ and a set MCT(m’(0”), ¢") of o’ : ¢’ such that
MCT(m'(6”),¢") 2m MCT(m(o), §).
Moreover, if (o : ¢, 0’ : ¢") is a progressive step, then MCT(m' (¢”), ¢") <., MCT(m (o), ¢).
The proof of this lemma is given in Appendix A.1.

PrRoOOF OoF THEOREM 5.1. Let v = (- = X : ¢). By contradiction, suppose £ X : ¢. Then by the soundness of G3PPL,
there exists an infinite invalid derivation path P from v (in which every sequent is invalid). Since + v and it forms a
cyclic proof, let 717,...7%... be a progressive trace over P of the form: v...v1v;...vk... (k = 1), where each formula 7; is in
vi (i 2 1). Let 7; =gf 0y : ¢i.

Since v; is invalid, let m; be one of its counter-example mappings. By Lemma 5.1, from MCT(m;(o1), ¢1), there
exists an infinite sequence of sets MCTy, ..., MCTy, ... (k 2 1), where each MCT; =4y MCT(m;(0;), ¢;) (i = 1) with m;
a counter-example mapping of node v;, and which satisfies that MCT; >, ... =, MCT} =, .... Moreover, since trace
T172...Tk... is progressive, there must be an infinite number of j > 1 such that MCT; >,, MCTj. This thus forms an

infinite descent sequence w.r.t. <,,, violating the well-foundedness of relation <,, (Proposition 5.1).

6 Completeness of G3PPL

We analyze the completeness of G3PPL for any PPL formula ¢, captured by its equivalent labelled form X : ¢ with
X € TVar.

THEOREM 6.1 (COMPLETENESS OF G3PPL). Given a labelled PPL formula X : ¢ withX € TVar, if =X : §, thent+ X : .

The proof follows the standard approach for establishing the completeness of labelled proof systems (cf. [6, 9]): we
show that G3PPL is capable of deriving every axiom and rule of the proof system of PPL (Table 1). Since the proof
system of PPL is complete [12], this suffices to conclude the completeness of G3PPL.

Below we explain how to derive each rule in Table 1. We first establish a Necessitation Lemma (Lemma 6.1) as a
generalisation of rule (Gen). This lemma is required when deriving the other rules. We then derive the PDL rules,
following the proof strategy of [9] adapted to the trace labels of process logic. Finally, we derive the rules specific to

PPL, which form the core of the completeness proof for the process-logic part.

LEMMA 6.1 (NECESSITATION). Forany sequentX : [a]T' = X : [a]A, whereX : [a]A =47 {X : [a]$ | ¢ is a PPL formula in A},
there is a derivation from it which is “almost” a cyclic proof, except that it has leaf nodes of the form X : T = X : A.

Moreover, there is a progressive trace along each derivation path from the root to a leaf node X : I = X : A.
In this paper below, we use (nec) to represent the derivation of Lemma 6.1.

ProoF. We prove by induction on the structure of regular programs.
When « is an atomic program a, without loss of generality, let X = Y o x. We have the following derivation:
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Yox:p=Yox:o (sub)
Su

Yoy:¢pg=>Yoy:p

(sub)
([a]lL)
([alR)

Yoxoy:pg=>Yoxoy:p

xRy Yox:[alp=Yoxoy: ¢
Yox:[alpg > Yox:[alp

The derivation above is progressive since rule ([a]R) is applied (see Definition 4.6).

When a is a test /2. Let X = Y o x, we have

Yox:pg=Yox:¢

(sub)
Zox:9g=>Zox:¢
(sub)
Yoxox:9g=>Yoxox:¢
([471L)
Yox:[Y?pxox:y=>Yoxox:¢ (1671
Yox:[y?lg = Yox:[¢y?]e A
The derivation is progressive since rule ([¢?]R) is applied.
When a is a sequence program «; ; a,, we have
X:pg=>X:9¢ .
X: ] = X : [az2]e -
X:la]laeld = X: [allele
X:lasald = X [ar;az]e ,
where steps IH are by induction hypothesis on @; and a; separately.
When «a is a choice program a; U a2, we have
X:pg=>X:9 . X:pg=2X:9¢ .
Xilalg=Xilale 0 Xilwlg=>Xclalp
X:[an]g, X : [oa]d = X : [an]e X:[an]g, X : [oa]d = X : [az]e ()
X:[larVUaplp = X : [y Uaz]e
When « is a choice program aj, let X = Y o x. We have
Yox:¢g=Yox:¢p
(sub)
Zox:g=>Zox:¢
(sub)
Yoxox:p=Yoxox:¢ (wl)
Wi
Yoxox:p,Yox:[o][ai]p =>Yoxox:
4 Lo ]lar19 LR P AT
Youx:[true?lg, Y ox: [ar][af]¢ = Y ox: [true?]e (D)
Yox:[af]l¢g = Yox: [true?]p Cont. WD)
Yox:[aflg = Yox:[a]le o
Yox:[aj]l¢g = Yox: [a]]e (bud)
Yox:[aq][af]lg = Yox: [a]laj]e
(wk)

Yox:[true?]g,Yox: [ar][a]]l¢g = Yox: [a]laj]e "
Cont.:Yox:[aj]¢p = Yox: [a][a]]e ,

where the left derivation branch is progressive since rule [¢?]R is applied; on the right derivation branch (from “Cont”),

by induction-hypothesis step IH, we know that the derivation path from the root node to its bud is progressive.
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The Necessitation lemma is in fact a general form of the rule (Gen). Thus from it we can trivially derive (Gen). For
the other rules of PDL shown in Table 1, the derivations of the rules (3) - (6) follow directly by applying the rules ([U]),
(Ds ([¢?]) and ([*]) of G3PPL. The derivation of rule (MP) is a special case of rule (cut) of G3PPL. Below, we only
show the derivations for the rules (1), (2), (7) in G3PPL.

The derivation for formula X : [a](¢ — ¢) — ([a]¢ — [a]@) (corresponding to rule (1)) with X € TVaris shown
as follows: (ax) (ax)

X:¢pg=2X:¢9,X:0 “ X:0X:90=2X:0 (fL)
X:(g-p)X:9=>X:9p
X:[a](§ > )X :[alp=X:[alp
X:[a](¢ = ) = X: ([a]p — [ale) (oR)
=X [al(@ = 9) = ([alg — [ale)

The derivation for formula X : [a] (¢ A ¢) & ([a]d A [a]p) with X € TVar (corresponding to rule (2)) is shown as

follows for both directions separately:

(ax) (ax)
X:¢,X:¢=>X:¢(AL) X:pX:9g=>X:9
X:(prhp)=>X:¢ e X:(prp)=>X:¢ e

X:lal(png) = X:[a]lg X:lal(gng) = X:[ale

X:lal(png)=X: ([a]g A [a]p)
=X [al(p A ) > ([alg A lale)

(AL)

(AR)

(—R)

(ax) (ax)
X:9pX:90=>X:9¢ X:qﬁ,X:(pﬁX:(p(AR)

X:pX:9g=X:(pAop) e
X [alg, X olo = X [@@A9) |
X: ([a]¢ Alalp) = X : [al( A @)
-= X ([a]g A ale) = [a](¢ A @)

The derivation for formula X : ¢ A [a*] (¢ — [a]¢) — [a*]¢$ with X € TVar (Corresponding to rule (7)) is shown as

(—R)

follows:
Lemma 6.2

X:¢,X:[a"](¢ - [a]p) = X : [true?]¢  Cont.
X:¢9,X:[a*](¢p — [a]p) = X : [a*]¢ (companion)
X:pA[a'](P— [alp) = X: [a"]¢
=X :PA[a](§ - [ald) - [a]¢
XX @)@ > [@ld) = X [@@lp X ¢ = Cont.2
X:¢.X: (¢ o [ald).X: [a][a"]($ — [a]p) = X : [a][a"]¢
X:¢.X: [true?](§ — [al¢). X : [a][a"]($ — [a]¢) = X : [a][a"]¢
Cont.: X : §, X : [@*]($ — [a]P) = X : [a][a”]¢
X:¢,X: [a*](¢ — [alg) = X : [a*]¢ (bud)
X:[a]g. X : [a][a"](§ — [a]l$) = X : [a] [a"]¢
Cont.2: X :¢,X: [a]p, X : [a][a"] (¢ — [a]lp) = X : [a][a*]¢

(=D
(AL)

(—R)

(=L)

lem

[+]

nec

(wk)

The above derivation also relies on Lemma 6.2 as follows
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LEMMA 6.2. Forany X € LVar and formula ¢, sequents X : ¢ = X : [true?|¢ and X : [true?]¢ = X : ¢ are provable
in G3PPL.

The proof of Lemma 6.2 is given in Appendix 6. The derivation step tagged by “lem” according to Lemma 6.2. It is a
shorthand of firstly applying (cut) (with the additional formula X : (¢ — [a]¢)) and then applying X : [true?]d = X :
¢ in Lemma 6.2. The derivation path from node “companion” to node “bud” is progressive due to that a Necessitation
lemma (nec) is applied.

It remains to prove the special rules (i)-(xv) for PPL in Table 1. As a representative, below we give the derivation for
one direction of rule (iii). Refer to Appendix 6 for the derivation of the other direction and the derivations of the other
rules.

For one direction of rule (iii), we need to prove
(iti.a) X : (¢psuf ) V (psuf y) = X : psuf (Y V y).
Without loss of generality, let X = x o Y. By (VL), we need
(iii.al) xoY: (¢psuf ) > x oY :psuf (Y V y).
(iii.a2) xoY: (¢psuf y) > xoY :Ppsuf (Y V y).
For (iii.al), by applying (suf) on both left and right sides, we have
Y:¢yV(@Agsufyy) =Y : ¢V xy,Y:9Adsuf(yV y).
Applying rule (VL), we have

(iii.all) Y: ¢y =Y : ¢y V x,Y : ¢ Apsuf (¢ V y), which can be proved by (VR) and (ax).
(iii.a12) Y: (o Agpsuf ) = Y : ¢V .Y : ¢ Adsuf(y¥ V ), from which, by splitting Y : ¢ A ¢ suf (¢ vV y) with rule
(AR), weneed toprove Y : (9 Apsufy) = Y : ¢V x,Y : ¢, which can be closed by (ax), and

(iii.a121) Y:(pApsuf ) = Y : ¢V ., Y : psuf (Y V y).
By (wk), we have
(iii.a1211) Y:psuf ¢y = Y : psuf (¥ V y),
which is exactly (iii.al) (by replacing Y with X). The derivation path from (iii.al) to (iii.a1211) is progressive
since during the process (suf) is applied.

Case for (iii.a2) is quite similar. By applying (suf) on both left and right sides, there are

(iii.a2l) Y: y =Y : ¢V y,Y: ¢ Apsuf (¥ V y), which can be proved by (VR) and (ax).
(iii.a22) Y: (pAgpsuf y) > Y: ¢V .Y : ¢ Adsuf(¥ V y), from which, by splitting Y : ¢ A $suf (¢ vV y) with rule
(AR), weneed toprove Y : (¢ Apsuf y) = Y : ¢V y,Y : ¢, which can be closed by (ax), and

(iii.a221) Y: (g APsuf y) =Y : ¢V y, Y : psuf (Y V y).
By (wk), we have
(iii.a2211) Y : ¢psuf y = Y : psuf (Y V y),
which is exactly (iii.a2) (by replacing Y with X). The derivation path from (iii.a2) to (iii.a2211) is progressive

since during the process (suf) is applied.
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7 Labelled First-Order Process Logic

At the first-ordered level of process logic, assignments generate program-state information that must be tracked
explicitly throughout derivations. We address this by replacing the trace world-variables of PPL labels with program
updates, which record the cumulative effect of assignments as structured label components. The following subsections
define update-based labels and labelled FOPL formulas, present the proof system G3FOPL, and analyse its soundness

and relative completeness.

7.1 Labelled FOPL Formulas

Program updates, introduced in [2] as a first-order label structure for capturing program configurations during
derivations, provide the foundation for the labelled treatment of FOPL. An update U records the accumulated effect of
assignment steps as an explicit substitution applied to the current world variable, making the program configuration

available inside the proof system without requiring rule-specific axioms for each assignment form.

DEFINITION 7.1 (PROGRAM UPDATES). A program update U in FOPL is defined as a first-ordered configuration as
follows:
U =g x | {u:=e}U,

where x € WVar, u € Var and e € .

We use U to represent the set of all updates in FOPL. {u := e} captures the effect of assigning the value of e to the
variable u in the current context.

The labels of FOPL enrich those of PPL with the explicit structures of program updates U. We give the definitions of
labels and label mappings of FOPL in the following definitions.

DEFINITION 7.2 (LABELS OF FOPL). A label o in FOPL is a trace defined as follows:
o=gre|U|X|ooo0,

where X € TVar, ¢ is the empty label, ¢ is the concatenation operator; U is a program update.
We use Ly, to denote the set of all labels of FOPL.

DEFINITION 7.3 (LABEL MAPPINGS OF FOPL). A world mapping w in FOPL is a function from Uto Sy, defined inductively

as follows:
1. w maps a variable x € WVar to a world in Sf,.
2. w{u = e}U) =4 m(U)[u — w(U)(e)].
A label mapping m is a function from Ly, to ijo, defined as follows:

i m maps a variable X € TVar to a trace of worlds in S;o.
ii m(e) =df €.
iii m(U) =df w(U).
v m(oy ¢ 0z) =g m(01) - M(02).
We use My, to denote the set of all label mappings from Ly, to Sf*o.
A labeled FOPL formula is just defined as in PPL (Definition 4.3) (but replacing L as Lg,).

The semantics of labelled FOPL formulas is introduced as follows.
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Rule Schematic form
Inherited rules All rules of G3PPL except ([a]R) and ([a]L), with labels interpreted in Ly,
coUo{u=etU:¢
= ([u=e])
([ :=e]) coU:[u:=elp
U:eg < ey ()
t —_— (at
(at) Uooc:e < e
(ter) I = A U0 where each formula of T' = A is of the form U : e < e
L= plofuld oo o
(VR) I = Vag A , where v € Var is fresh wrt. T, A, ¢
[ple/u] = A
— (VL) i
(VL) T.Vug = A , where e is a term

Table 6. Rules specific to labelled first-order process logic.

DEFINITION 7.4 (SEMANTICS OF LABELLED FOPL FormuLAS). Given the Kripke frame (Sy, Iy,) of FOPL and the set My,
of label mappings, the satisfaction relation m |:Mfu o : ¢ of a labeled formula o : ¢ by a label mapping m (w.r.t. My,) is
defined such that

mf=my, 00 ¢, ifm(o) Fsg,z) ¢

7.2 System G3FOPL

The proof system G3FOPL for labelled FOPL formulas extends G3PPL by specializing the rules for atomic programs
and first-order arithmetic formulas, while keeping all other rules unchanged. As shown in Table 6, the rule ([u :=e])
replaces the pair ([a]R) and ([a]L) in G3PPL: it appends the update {u := e} to the label, recording the assignment
effect in the label structure rather than substituting into the formula. The rule (at) replaces rule (p) for the evaluation
of arithmetic predicates at an update: it strips the trailing label o and evaluates e; < e, at the update U alone. The rule
(ter) closes a derivation branch when all remaining formulas are arithmetic sequents of the form U : e; < ez; such
sequents can be discharged by an external arithmetic decision procedure or SMT solver. The rules (VR) and (VL) handle
universal quantification in the standard way as in FODL.
All other rules of G3FOPL are inherited from G3PPL with labels interpreted in Lp, and with each world variable x in
those rules replaced by a program update U € U. For example, rule (suf) in G3FOPL takes the form
oYV (PAgsufy)
(suf)
Uoo:gsufy ’

with o € Ly, following the same trace-reduction principle as in G3PPL.
The soundness of the G3FOPL rules follows directly from the semantics of labelled FOPL formulas.

THEOREM 7.1. Each rule of G3FOPL is sound.
The cyclic proof structure of G3FOPL can be defined the same as that of G3PPL, except that for its progressive

derivation traces (Definition 4.6), a progressive step can no longer be an instance of rule ([a]R), instead can be their
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replacements in G3FOPL, i.e., rule ([u := e]) for the right side:
I'=00U:[u:=c¢e]p
I'=scoUo{u=e}U:¢

(lu=elR)

Similarly, in G3FOPL, we say that a sequent is proved also when there is a cyclic proof of it. For a labelled FOPL
formula ¢, we write G3FOPL + ¢ (or simply F ¢) if sequent - = ¢ can be proved in G3FOPL.

7.3 Soundness and Relative Completeness of G3FOPL

We discuss about the soundness and completeness of the proof system G3FOPL w.r.t all FOPL formulas. The soundness
proof for G3FOPL follows the same structure as that of G3PPL, adapting the cases for the rules ([u := e]), (VR), and
(VL) that are specific to the first-order setting. The completeness of G3FOPL is obtained by adapting the standard
completeness argument for FODL [12] to the trace semantics of FOPL.

THEOREM 7.2 (SOUNDNESS OF G3FOPL). For any labelled FOPL formula X : ¢, where X € TVar, if+ X : ¢, then |= X : ¢.

The proof of Theorem 7.2 proceeds along the same lines as the proof of soundness for G3PPL. The argument is
modified in two respects. First, the case for progressive steps corresponding to rule ([a]R) in G3PPL is replaced by the
case for rule ([u := e]R) in G3FOPL; the proof carries through essentially unchanged, since the update rule records the
effect of the assignment in the label and the same multiset-ordering argument applies. Second, the cases for rules (VR)
and (VL) must be handled; these are straightforward and proceed similarly to the case for rule (sub) in G3PPL, as the

quantifier rules introduce or eliminate a label variable in a way that respects the counter-example mappings.

THEOREM 7.3 (COMPLETENESS OF G3FOPL). For a labelled FOPL formula X : ¢ with X € TVar a label variable, if
EX:@, thenr X : ¢.

The completeness of G3FOPL follows the main approach used for the completeness of FODL [10, 12]. The argument
proceeds in two steps. We first establish two auxiliary lemmas—Lemma 7.1 and Lemma 7.2—that are required for the
main completeness argument. The full proof of Theorem 7.3 then follows from these two lemmas and the structure of
FOPL formulas.

LemMA 7.1. For any FOPL formula §, there exists a pure arithmetical FOL formula ° such that |= y° < §.

We usually write a formula ¢ as ¢° to address that it is a pure arithmetical FOL formula.
We omit the proof of Lemma 7.1. Here is an informal explanation. It is well known that temporal properties can
be encoded in first-order form over suitable trace positions (cf. [19]). On the other hand, any FODL formula can be

expressed by a pure arithmetical FOL formula. The result of Lemma 7.1 is direct by combining these two facts.

LEMMA 7.2. For any FOPL formulas ¢ and y and label variable X, let op € {[], (@)} for any program a, if = X : ¢ =
X :opy?, thenr X : ¢ = X : opy?.

The proof of this lemma is given in Appendix A.3.

ProoF oF THEOREM 7.3. For a labelled formula X : ¢, ¢ is semantically equivalent to a conjunctive normal form:
Ci A ... ACy (n > 1). Each clause C; (1 < i < n) is a disjunction of literals: C; = ;1 V ... V i m,, where [; ; (1 <i <n,1 <
Jj < m;) is an atomic FODL formula or its negation. By the rule for FOL formulas (Table 4 plus the rules (VR) and (VL)),
to prove formula X : ¢, it is enough to show that for each clause C;, |= X : C; implies + X : C;. We prove by induction

on the sum n of the appearances of modalities [-] and (-) in C;.
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If n = 0, there are no appearances of [a] or (@) in C;, so C; is an FOL formula. By rule ( Ter), immediately we have
FX:C

If n > 0, without loss of generality, let C; = /1 V op ), where op € {[a], (a)}. Now we prove + X : ({1 V op i),
which is equivalent to prove

FX =X :o0pys

according to (VR) and (—R). By Lemma 7.1, there are pure arithmetical FOL formulas qﬁ? and ¢g such that |= gbg’ o iy
and |= ¢g < . Therefore, we have both | X : =y = X : op gbg and |= (X : qﬁg = X : ). By assumption, we have
both

FX oy = X opd) (1)
and
FX @) = X )
From (2), by Necessitation Lemma, we have
FX:opd) = X :opiy. 3)

On the other hand, from (1), by Lemma 7.2, we have
FX gy = X opg). (4)

The result is directly obtained by (3) and (4).

8 Conclusion

This paper has developed a labelled cyclic proof-theoretic framework for process logic, encompassing both the propo-
sitional level (G3PPL) and the first-ordered level (G3FOPL). The central contribution is a labelling discipline that
makes trace-execution information explicit in derivations: propositional labels record traces over atomic actions, while
first-order labels record sequences of program updates. By making this information part of the label structure rather
than encoding it into the formula, both systems admit uniform, modular inference rules for the trace connectives of
process logic and the modalities of first-order dynamic logic.

The theoretic results establish that the labelled framework is both sound and complete. Soundness follows from
combining local soundness of the individual rules with a global cyclic condition: every infinite derivation path that
satisfies the progress condition gives rise to an infinite descent in the well-founded multiset ordering on counter-example
traces, which is a contradiction. Completeness is established separately for each system: G3PPL is proved complete by
showing that it can derive every axiom and rule of the Hilbert-style proof system for PPL; while the completeness of
G3FOPL is proved by adapting the classical completeness argument for FODL to the trace-based setting of process logic.

Together, these results show that labelling provides a principled and uniform mechanism for cyclic reasoning about
trace-based program properties.

Directions for future work include the application of G3FOPL to pratical programs or languages, the development of
automated proof-search strategies and the mechanization for G3PPL and G3FOPL, and the extension of the framework

to richer program models such as concurrent or probabilistic processes.
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A Other Proofs of Main Theories
A.1 Soundness Proofs for G3PPL

Content of Lemma 7.2: In a cyclic proof, let (¢ : ¢, 0" : ¢’) be a step of a derivation trace over a derivation (v, v")
of an invalid derivation path. For any set MCT(m(o), ¢) of o : ¢ w.r.t a counter-example mappiong m, there exists a

counter-example mapping m’ and a set MCT(m’(¢”), ¢") of ¢’ : ¢’ such that
MCT(m'(0"),¢") 2m MCT(m(0), ¢).

Moreover, if (o : ¢, 0’ : ¢’) is a progressive step, then MCT(m’(0”), ¢’) <m MCT(m (o), P).

PRrROOF OF LEMMA 7.2. It is enough to consider the cases when the derivation step (v, v’) is an instance of rule ([a]R),
([all), ([#?]1R), ([¢?]L), (suf) and (sub). Other cases are trivial.

Case for rule ([a]R): If from node v rule ([a]R) is applied with 7 =4 o ¢ x : [a]¢ the target formula, let
T =(coxoy:¢) forsomey,sov= (= r,A)and v/ = ([,xR,y = 7, A). In this case, (v, V") is a progressive step
(Definition 4.6). Since m is a counter-example of v, m | 7, so MCT(m(o ¢ x), [a]¢) # 0. By the soundness of rule
([a]R), for each trace s1...s, € MCT(m(o o x o y),P) (n = 0), trace ss;...s, € MCT(m(o ¢ x), [a]¢) with ss; € T (a) has
ai...an as its proper suffix. On the other hand, by Proposition 5.2, MCT(m(o ¢ x), [a]¢) and MCT(m(o ¢ x o y), ¢) are
also finite. Therefore MCT(m(o ¢ x ¢ y), §) <m MCT(m(o ¢ x), [a]¢) by Definition 5.2.

Case for rule ([a]L): Similar to the case ([a]R), except that it is possible that MCT(m(oox), [a]$) = O (when there is
no trace of MCT(m(oox), [a]¢), m can also be a counter-example mapping for v too). So, we have MCT(m(ooxoy), §) <m
MCT(m(o o x), [a]$). (Recall that in this case, (v, V) is not a progressive step. )

Case for rule ([¢?]R): Similar to the case of ([a]R) and we omit it.

Case for rule ([¢?]L): Similar to the case of ([a]L) and we omit it.

Case for rule (sub): If from node v a substitution rule (sub) is applied, let 7 = o[0’/U] : ¢ be the target
formula of v, where ¢’ is a label, U € LVar is a label variable. Then 7’ = o : ¢. Let m’ be the label mapping
such that m’(V) =45 m(c’); m’(U) =4r m(U) for any other U € LVar. So, we have m’(c) = m(c[o’/V]). Hence
MCT(m(c[o’/V])),$) = MCT(m’(0), ¢).

Case for rule (suf): If from node v rule (suf) is applied, let 7 = x ¢ 0 : (¢ suf /) be the target formula of v, then
' =0 :¢Y V(¢ A ¢suf ). By the soundness of rule (suf) and the definition of counter-example traces (Definition 5.4),
we have MCT(m(x ¢ o), ¢ suf ) = {m(x)m(o)} and MCT(m(o), ¢ V (¢ A ¢ suf /)) = {m(o)}. Since m(o) is a proper
suffix of m(x)m(o), we obtain the result. ]

A.2 Completeness Proofs of G3PPL

Content of Lemma 6.2: For any X € LVar and formula ¢, sequents X : ¢ = X : [true?]¢ and X : [true?]p = X : ¢
are provable in G3PPL.

Lemma 6.2 is subsequently used in the proof of Lemma A.2.
PRrRoOOF OF LEMMA 6.2. We only prove X : ¢ = X : [true?]¢. The other direction is similar.
Without loss of generality, let X =Y o x. By ([¢?]R) and (wk), we need

(A2) Yox:¢p=>Yoxox:¢

We prove (A2) by induction on the structure of formula ¢.
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The base step is when ¢ is an atomic formula. Then (A2) can be trivially derived by applying (p) and (ax).

For the inductive step, consider then ¢ = f ¢/ and ¢ = ¢; suf ¢,. The case for ¢ = f ¢} is similar to the base step and
we omit here.

If ¢ = ¢y suf ¢z, let Y = y o Z. Then from (A2), by applying (suf) twice (firstly on the right and then on the left) and
applying (VR) and (VL), we need to prove

(A21) Zox:do=>Zoxox: g, Zoxox: P APy suf ¢, from which, by (wk) on the right, we obtain
(A2.11) Zox: ¢y = Zoxox: .
By firstly replacing Z with Y (using (sub)) and then the induction hypothesis on ¢, (A2.11) is provable.
(A22) Zox: g ANdrsuf ¢y = Zoxox: ¢y, Zoxox: ¢y Ay suf ¢y
By (AR) on Z o x o x : 1 A ¢; suf ¢, (A2.2) can be split into

(A221) Zox: g1 Arsuf ¢y = Zox ox: s, Z o x o x : ¢y, which can be easily proved by induction hypothesis on ¢,
after (wk) and (AL).
(A2.22) Zox: 1 ANprsuf py = Zoxox: ¢y, Z ox0x: ¢y suf ¢y, from which, after (AL) and (wk) on both sides, we
obtain
(A2.221) Zox:¢rsuf gy => Zoxox: ¢y suf ¢y.

(A2.221) is exactly (A2) after variable replacement. Moreover, from (A2) to (A2.221) the derivation path is

progressive since rule (suf) has been used.

O

Below we show that each special rule for process logic in PPL (Table 1) is provable in G3PPL. We firstly describe

each of them as a proposition, then prove them (Proposition A.1 — A.15).
ProrosITION A.1 (RULE (1)). Rule (i):f(¢p vV ) & £ Vv £ is derived in G3PPL.
ProoF. Let X € TVar. We only prove

(i.a) X :f(pVvyy) =X :fopVvEiy.

The other direction is similar.

Without loss of generality, let X = x ¢ Y. Then by (f), we need
(ial) x:pVYy=>x:¢,x:9,
which is proved trivially by (VL) and (ax). O
ProrosITION A.2 (RULE (11)). Rule (ii): f =¢ < —f ¢ is derived in G3PPL.

Proor. Let X € TVar. We only prove
(iia) X:f-¢d = X:=f.
The other direction is similar.

Without loss of generality, let X = x o Y. By (f) and (=R) we obtain
X, x: =,

which is trivially proved by (ax). O
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ProrosITION A.3 (RULE (111)). Rule (iii): (¢ suf /) V (¢ suf y) < ¢ suf (Y V y) is derived in G3PPL.

Proor. Let X € TVar. We need to prove

(ifi.a) X : (psufyy) vV (psuf y) = X : psuf (¢ V y).
(iii.b) X : gsuf (Y VvV y) = X : (psuf ¢) V (¢ suf y).

(iii.a) is proved in Section 6, here we only prove (iii.b). That is to prove
(iii.b1) X :¢psuf(YV y) = X : (psuf ¢), X : (Hsuf y)
by (VR). Without loss of generality, let X = x ¢ Y. By applying (suf) and then (VL) on the right , we split (iii.b1) into

(iii.b11) Y: ¢V y=x0Y: (psuf ¢),x o Y : (¢ suf y)
(iii.b12) Y: 9 Apsuf (Y V y) = xoY : (psuf ), x o Y : (¢ suf y)

For (iii.b11), by applying (suf) on the right, we obtain
(iii.b111) Y:yVy =Y : 4, Y :dApsuf ¢,V : y, Y : ¢ A psuf y.
Observing that since the right side contains both Y : y and Y : y, (iii.b111) can be proved by (ax) for different cases on
the right side.
For (iii.b12), by applying (suf) on the right, we obtain
(1ii.b121) Y:pAPpsuf (Y VY) > YV: Y :pAPsuf ), Y : .Y : ¢ A psuf y.
By (AR)onY : ¢ A¢dsuf yand Y : ¢ A ¢ suf y, we split the right side into several branches. Since both sides contain
Y : ¢, all branches but the following one can be proved by directly applying (ax):
(iii.b1211) Y:pApsuf (Y V y) = Y : ¢, Y : psuf Y : ,Y : psuf y.
From (iii.b1211), by (wk), we have
(iii.b12111) Y:¢psuf(y vV y) = Y : psuf ¢, Y : g suf y,

which is exactly (iii.b1) (replacing Y with X). The derivation from (iii.b1) to (iii.b12111) is progressive since rule (suf) is
applied. This makes the whole preproof a cyclic proof.
m]

PROPOSITION A.4 (RULE (1v)). Rule (iv): (¢ suf ) A (ysuf w) & (¢ A y)suf (Y Aw) V(P A y)suf(p AwApsuf )V
(¢ A y)suf (Y A y A ysuf w) is derived in G3PPL.

Proor. Let X € TVar, we prove that
(iv.a) X: (psuf y)A(ysufw) = X : (pAy)suf (Y Aw) V(A y)suf(AwApsuf )V (P A y)suf (YA y A ysuf w).
(iv.b) X: (pAy)suf(YAw) V(A y)suf(pAwAdsuf )V (P A x)suf (YA y A ysuf o) = X : (psuf ) A (y suf w).

Case for proving (iv.a): Let
A=gr X : (¢ A y)suf (Y A w),

B=gr X : (¢ A y)suf(¢ A w A ¢suf ),

C=qr X: (¢ A y)suf(y A y A ysuf w).
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By applying the rules (AL) and (VR) on both sides respectively, we obtain the sequent:
(iv.al) X :¢psuf ¢, X : ysuf o = A B,C,
Let X =y oY, by applying the rule (suf) on both sides, we have

(iv.a1) Y: ¢y V(9 Apsuf ), Y : 0V (y A ysuf w) = Ay, Ay, By, B3, C1, Cy,

where let
A =g Yy Ao, obtained from A
Ay =ar Y: ¢ A x A(¢ A x)suf (¥ A w), obtained from A
Bi=qr Y:¢pAwA¢sufy, obtained from B

By =qr Y: (A x) A($ A x)suf(p AwApsufy), obtained from B

Cr=ar Y: YA xAysufo, obtained from C

[aN

Co=ar Y: (pAY) A (A y)suf(y A y A ysuf o), obtained from C
By the rule (VL), we split (iv.all) into 4 cases:

ivalll) Y:¢,Y : 0 = Ay, Ay, By, By, C1, G

ivall2) Y: (¢ Agpsuf),Y : w = Ay, Az, By, By, C1,Cy

ivaall3) Y: ¢, Y : (y A ysuf w) = Ay, Az, By, B3, C1,C;

ivalld) Y: (g Adsuf),Y : (y A ysuf w) = Ay, Ay, B, By, C1, Gy

The proofs of cases (iv.al11), (iv.al12), (iv.al113) are trivial and are all terminal branches (without buds), since in each
of these cases a formula on the left side directly matches one of the right-side disjuncts A;, Az, By, Bz, Cy, or C, up to
logical connectives, allowing the branch to be closed by (VR), (AL), and (ax) without any application of rule (suf).

For case (iv.a114), by applying the rule (AR) on Aj, B,, C, respectively, we obtain two parts of proof branches, named
(iv.a1141) and (iv.a1142) respectively. Part (iv.a1141) contains 3 sequents of the form:

Y:(pAdsufh),Y: (y A ysufw)= ..V :(dAy),..

which can be easily proved by applying the rule (AL) on the left and the rule (ax). Part (iv.a1142) is the sequent of the
form:

Y:(pAdsufy)),Y: (y A ysufw)= ..,Y:AY:BY:C,...

By applying the rule (AL), the rule (wk) on both sides for several times, we can get
(iv.a11421) Y:psuf Y : ysufw = Y: A Y:BY:C,

which is exactly (iv.al). Note that along the derivation path from (iv.al) to (iv.a11421), rule (suf) has been applied,
which guarantees the whole preproof is a cyclic proof.
Case for proving (iv.b): By applying the rules (VL) and (AR) on the left and right sides of the sequent respectively,

we split (iv.b) into 6 cases as follows:

(ivb1) X : (¢ A y)suf (¥ A w) = X : (¢ suf )
(iv.b2) X : (¢ A y)suf(p Aw A psuf ) = X : ($suf )
(ivb3) X : (p A y)suf (P A y A ysuf w) = X : (¢ suf )
(ivb4) X : (@ A y)suf (Y A w) = X : (ysuf w)
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(ivb5) X : (p A y)suf(p Aw A dpsuf ) = X : (ysuf w)
(iv.b6) X : (p A y)suf (Y A y A ysuf w) = X : (ysuf w)

Case (iv.b1): Without loss of generality, let X =y ¢ Y. From (iv.b1), by applying the rule (suf), we can have
(0b11) Y: (Y A0)V(PAY)APAY)suf(Y Aw) = yoY : (Psufyh)
From (iv.b11), we apply the rule (VL), and obtain:
(iv.b111) Y: (y Aw) > yo Y : ($suf )
(10.0112) Y: (p A ) A (@A Y)suf(Y Aw) = yoY : (psuf )

The case for (iv.b111) is trivial (just extend y o Y : (¢ suf /) on the right side by the rule (suf) and can obtain the same
item Y : ¢ as on the left side), we omit it. For case (iv.b112), we extending y ¢ Y : (¢ suf i) with the rule (suf) and other

rules on the left side, we obtain:
(10.b1121) Y: (A Y)Y : (dA y)suf(y Aw) = Y : ¢,
(10.01122) Y: (p A Y)Y : (¢ A y)suf (Y Aw) = Y : psuf ¢
where (iv.b1121) is obvious (omitted). From (iv.b1122), we obtain by applying the rule (wk):
(iv.b11221) Y: (p A y)suf (Y Aw) = Y : psuf ¢

which is exactly (iv.b1), forming a back-link. The derivation path from (iv.b1) to (iv.b11221) is progressive since rule
(suf) is applied.
Case (iv.b2): Without loss of generality, let X = y o Y. From (iv.b2), by applying the rule (suf), we can have
(i0.021) Y: (pAwAPsuf ) V(@A) A(PAy)suf(pAwAdsufyy) = yoY: (psufy)
From (iv.b21), we apply the rule (VL), and obtain:
(i0.b211) Y: (g Aw Agsuf ) = yoY: (psufy)
(10.0212) Y: (9 A )N (A x)suf(pAwAPsufy) = yoY : (Ppsufy)

For case (iv.b211), by extending y o Y : (¢ suf /) on the right side by the rule (suf) and (AR), we need to show Y : 1/,
Y :¢and Y : ¢ suf ¢; all obtainable from the left side by (AL) and (ax). We omit it. For case (iv.b212), by extending
y oY : (¢ suf ) with the rule (suf) and other rules on the left side, we obtain:

(iv.b2121) Y: (p A x),Y: (pA y)suf(p Aw Agpsufy) = Y : ¢,
(i0.b2122) Y: ($A ). Y: (p A x)suf(p AwApsufyy) = Y : psufy
where (iv.b2121) is obvious (omitted). From (iv.b2122), we obtain by applying the rule (wk):
(i0.b21221) Y: ($ A y)suf(¢p Aw A psufy)) = Y : psuf i

which is exactly (iv.b2), forming a back-link. The derivation path from (iv.b2) to (iv.b21221) is progressive since rule
(suf) is applied.
Case (iv.b3): Without loss of generality, let X = y ¢ Y. From (iv.b3), by applying the rule (suf), we can have
(10.b31) Y: (YA xAyxysufo) V(A ) A(PAx)suf (YA y A ysufw) = yoY: (psuf )
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From (iv.b31), we apply the rule (VL), and obtain:
(i0.b311) Y: (Y Ay A ysufw) = yoY: (¢sufy)
(iv.b312) Y: (A Y) A (P A x)suf(Y Ay A ysufw) = yoY : (¢psuf )

The case for (iv.b311) is trivial (just extend y ¢ Y : (¢ suf ¢) on the right side by the rule (suf) and can obtain the same
item Y : ¢ as on the left side), we omit it. For case (iv.b312), by extending y o Y : (¢ suf i) with the rule (suf) and other

rules on the left side, we obtain:
(iv.b3121) Y: (oA ), Y: (¢ A y)suf (Y A y A ysufw) = Y : ¢,
(iv.b3122) Y: (oA x),Y: (p A y)suf (Y A y A ysufw) = Y : psuf ¢
where (iv.b3121) is obvious (omitted). From (iv.b3122), we obtain by applying the rule (wk):
(iv.b31221) Y: (¢ A y)suf (Y A y A ysufw) = Y : psuf ¢
which is exactly (iv.b3), forming a back-link. The derivation path from (iv.b3) to (iv.b31221) is progressive since rule
(suf) is applied.
Case (iv.b4): Without loss of generality, let X =y ¢ Y. From (iv.b4), by applying the rule (suf), we can have
(10.b41) Y: (Y A0)V(PAY)A(PAy)suf(y Aw) = yoY : (ysufw)
From (iv.b41), we apply the rule (VL), and obtain:
(iv.b411) Y: (Y Aw) = yoY : (ysuf w)
(i0.0412) Y: (9 A ) A (@A y)suf(Y Aw) = yoY : (ysufw)

The case for (iv.b411) is trivial (just extend y o Y : (y suf w) on the right side by the rule (suf) and can obtain the same
item Y :  as on the left side), we omit it. For case (iv.b412), by extending y ¢ Y : (y suf w) with the rule (suf) and other

rules on the left side, we obtain:
(iv.b4121) Y: (p A x), Y: (p A p)suf (Y Aw) = Y : y,
(iv.b4122) Y: (A x),Y: (9 A p)suf(Y Aw) =Y : ysufw
where (iv.b4121) is obvious (omitted). From (iv.b4122), we obtain by applying the rule (wk):

(iv.b41221) Y: (¢ A y)suf(Y Aw) = Y : ysufw

which is exactly (iv.b4), forming a back-link. The derivation path from (iv.b4) to (iv.b41221) is progressive since rule
(suf) is applied.
Case (iv.b5): Without loss of generality, let X = y ¢ Y. From (iv.b5), by applying the rule (suf), we can have
(10.b51) Y:(pAoAPsuf ) V(AAY) A(P A x)suf(pAwApsufyy) = yoY : (ysufw)
From (iv.b51), we apply the rule (VL), and obtain:
(iv.b511) Y: (pAw APsufy) > yoY: (ysufw)
(10.b512) Y: (g AY) A (@A y)suf(pAwAdsufy) = yoY : (ysufw)

The case for (iv.b511) is trivial (just extend y ¢ Y : (y suf ) on the right side by the rule (suf) and can obtain the same
item Y : w as on the left side), we omit it. For case (iv.b512), by extending y ¢ Y : (y suf w) with the rule (suf) and other
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rules on the left side, we obtain:
(i0.b5121) Y: (A x), Y: (g A y)suf(pAw Apsufyy) => Y : y,
(i0.b5122) Y: (A ), Y: (A y)suf(pAw Adsufy) = Y : ysufw

where (iv.b5121) is obvious (omitted). From (iv.b5122), we obtain by applying the rule (wk):
(iv.b51221) Y: (¢ A y)suf(pAw Apsuf ) > Y : ysufw

which is exactly (iv.b5), forming a back-link. The derivation path from (iv.b5) to (iv.b51221) is progressive since rule
(suf) is applied.
Case (iv.b6): Without loss of generality, let X = y ¢ Y. From (iv.b6), by applying the rule (suf), we can have
(10.b61) Y: (YA xyAysufw)V(pAY) A(pAy)suf(Y Ay A ysufw) =yoY: (ysufw)
From (iv.b61), we apply the rule (VL), and obtain:
(iv.b611) Y: (Y Ay A ysufw) = yoY : (ysuf w)
(10.b612) Y: (p A ) A (P A x)suf(Y A y A ysufw) = yoY : (ysufw)

For case (iv.b611), by extending y ¢ Y : (y suf w) on the right side by the rule (suf) and (AR), we need to show Y : w,
Y : yand Y : ysuf w; all obtainable from the left side by (AL) and (ax). We omit it. For case (iv.b612), by extending
y oY : (ysuf w) with the rule (suf) and other rules on the left side, we obtain:

(i0.b6121) Y: (pA )Y : (¢ A y)suf (Y A y A ysufw) = Y : y,
(iv.06122) Y: (¢ A x),Y: (g A y)suf (Y A y A ysufw) = Y : ysuf o
where (iv.b6121) is obvious (omitted). From (iv.b6122), we obtain by applying the rule (wk):
(iv.b61221) Y: (A y)suf (Y A y A ysufw) = Y : ysufw

which is exactly (iv.b6), forming a back-link. The derivation path from (iv.b6) to (iv.b61221) is progressive since rule
(suf) is applied.
From these 6 cases, it is not hard to see that the whole derivation from (iv.b) is a cyclic proof. Thus we conclude the

proof of (iv.b).

PropoSITION A.5 (RULE (V)). Rule (v): =(¢p suf ) < =(truesuf ) V (=) suf (=$ A =) is derived in G3PPL.

ProoF. Let X € TVar. We need to prove
(v.a) X :=(¢psuf ) = X : =(truesuf ¢) V (=) suf (=p A =¢)).
(v.b) X : =(truesuf ) vV (=¢) suf (=g A =) = X : = (¢ suf ).
Case for proving (v.a): By applying (L) on the left and (VR) on the right, we obtain the sequent:
(v.al) X : (truesuf ) = X : (psuf ), X : (=) suf (= A =¢))
Without loss of generality, let X = y ¢ Y. By applying the rule (suf) on X : (truesuf ), we have:
(v.a11) Y : ¢V (true A truesuf ) = yo Y : (psuf ),y oY : (=) suf (=g A =)

By the rule (VL), we split (v.all) into 2 cases:
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(valll) Y:y = yoY: (¢suf¢y),yoY : (=) suf(—=d A —¢))
(v.al12) Y : true A truesuf y = yo Y : (psuf ¢),yo Y : (=) suf (=d A —¢))

Case (v.alll) is trivial (just extend y ¢ Y : (¢ suf ¢/) on the right side by the rule (suf) and can obtain the same item
Y : ¢ as on the left side), we omit it.
For case (v.al12), by (AL) and weakening, it reduces to:

Y:truesuf y = yoY: (psufyy),yoY : (—~y)suf(—¢ A =¢))

By applying (suf) onyo Y : (¢suf ) andy o Y : (=) suf(=¢ A =) on the right side, we obtain the succedent items:

Di=4r Y19, obtained fromy ¢ Y : (¢ suf ¢)
Dy =45 Y : ¢ A ($psufyh), obtained from y ¢ Y : (¢ suf )
D3 =qr Y : (= A =), obtained from y ¢ Y : (=) suf(=¢ A =)

Dy =df Y:=¢yA (—|l//) suf (¢ A ﬁl#), obtained fromy ¢ Y : (ﬁlﬁ) suf(—|¢> A ﬁlﬁ)

So we need to show:
(v.a1121) Y : truesuf y = Dy, Dy, D3, Dy

By (AR) on D, and Dy, the non-trivial remaining obligation after closing the branches for Y : ¢, Y : =, etc. by the
rules (AR), (=R), (ax) is:

Y:truesuf y = Y: ¢, Y : psuf ), Y : (= A=), Y : (=) suf (=g A =)
By weakening, this reduces to:

(v.a11211) Y : truesuf ¢y = Y : ¢psuf ), Y : (=) suf (=¢ A =¢))

which is exactly (v.al), forming a back-link. The derivation path from (v.al) to (v.a11211) is progressive since rule (suf)
is applied.
Case for proving (v.b): By applying (VL) on the left, we split it into 2 cases:
(vb1) X : =(truesuf ) = X : =(Psuf ¢)
(vb2) X : (=¢) suf (=g A =) = X : = (¢ suf )
Case (v.b1): By (=L) and (=R):
(v.b11) X : ¢psufy = X : truesuf ¢

Without loss of generality, let X =y ¢ Y. By applying (suf) on the left, we have:
Y:yV(pAdsufy) = yoY: truesuf ¢
By (VL):
(vb11l) Y: ¢y = yoY : truesuf ¢
(vb112) Y:p A¢psufy = yoY : truesuf

Case (v.b111) is trivial (extend y ¢ Y : true suf ¢ by (suf) to get Y : /), we omit it. For (v.b112), by (AL) and extending
y oY : truesuf by (suf) and (AR), we have Y : y and Y : true A truesuf ¢ on the right side. The non-trivial branch
after weakening yields:

(0.b1121) Y: ¢psufy = Y : truesuf ¢

Manuscript submitted to ACM



34 Y. Zhang

which is exactly (v.b11), forming a back-link. The derivation path is progressive since rule (suf) is applied.
Case (v.b2): By (=R):
(v.b21) X : (=) suf(=p A =), X : psuf ¢y = -

Without loss of generality, let X = y ¢ Y. By applying (suf) on both formulas on the left, we have:
Yi(=gp A=) V(Y A (=) suf (=g A=y)), YV (¢ Adsufy) = -
By (VL), we split into 4 sub-cases:
vb2111) Y:i=p A=), Y i yp = -
v.b2112) Y:=p A=), Y:p Apsuf y = -
v.b2113) Y : =y A (=) suf (=p A =¢)), YV : ¢ = -
v.b2114) Y : =y A (=) suf (=p A =), Y: p A psuf ¢y = -
Case (v.b2111): By (AL), we have Y : =/, Y : ¥ = -, which closes by (=L) and (ax).
Case (v.b2112): By (AL), we have Y : =@, Y : ¢ = -, which closes by (=L) and (ax).
Case (v.b2113): By (AL), we have Y : =/, Y : ¥ = -, which closes by (=L) and (ax).
Case (v.b2114): By (AL) on both conjunctions:

Y:—ll//,Y:(ﬂl//)suf(—!gﬁ/\—!l//),Y:¢,Y:¢suf1//:>.

~ o~ o~ o~

By weakening:
(v.021141) Y : (=) suf (=p A =¢)), Y : psuf ¥ = -

which is exactly (v.b21), forming a back-link. The derivation path is progressive since rule (suf) is applied.

PRrROPOSITION A.6 (RULE (V1)). Rule (vi): psuf y <> nyy V n(¢ A (¢ suf ¢)) is derived in G3PPL.

Proor. Let X € TVar. Recall that n 0 =4¢ falsesuf 0. We need to prove
(vi.a) X:¢psuf y = X :nyy V(p A (psuf y)).
(vi.b) X:ny V(P A (psufyy)) = X : psuf .

Case for proving (vi.a): By applying (VR), we need:

(vi.al) X : psufy = X : falsesuf Y, X : falsesuf (¢ A (¢ suf ¢))

Without loss of generality, let X =y ¢ Y. By applying (suf) on X : ¢ suf ¢/ on the left, we have:

Y:yV(pAgpsufyy) => yoY: falsesuf y,y oY : falsesuf (P A (¢ suf ¢))

By (suf) ony oY : falsesuf ¢ on the right, we get Y :  and Y : false A falsesuf i; and by (suf) ony oY : falsesuf (¢ A
(¢ suf 1)) on the right, we get Y : ¢ A (¢ suf ) and Y : false A false suf (¢ A (¢ suf /). The items containing false A (-)
cannot be proved (since they contain false), so on the right side we can just leave Y :  and Y : ¢ A (¢ suf ¢) by
weakening.
By (VL) on the left, we split into 2 cases:

(viall) Y:¢y =Y :¢,Y:d A (psufy)

(vial2) Y:pApsufy =>Y: ¢4, Y: 9 A (Psufy))
Case (vi.all) is immediately closed by (ax). Case (vi.al2) is immediately closed by (ax).
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Case for proving (vi.b): By (VL), we split into 2 cases:

(vibl) X : falsesuf y = X : psuf ¢
(vi.b2) X : falsesuf($ A (psufyy)) = X : psuf ¢

Case (vi.b1): Without loss of generality, let X =y o Y. By (suf) on the left:
Y : ¢V (false A falsesuf ) = yo Y : psuf ¢
Since false A (-) is trivially false, by (VL) this reduces to:
Y:y=>yoY:gdsufy

By (suf) on the right side, we obtain the disjunct Y : i, which is on the left side. This is trivially closed.
Case (vi.b2): Without loss of generality, let X = y ¢ Y. By (suf) on the left:

Y: (¢ A (¢psuf )V (false A falsesuf (¢ A (psuf ) = yo Y : psufy
Since false A () is trivially false, by (VL) this reduces to:
Y:pA(psuf ) > yoY:psufy

By (suf) on the right side and (VR), we need to show Y : y or Y : ¢ A (¢ suf ). The latter is exactly the left side, so
this is immediately closed by (ax).

ProrosITION A.7 (RULE (vID)). Rule (vii): ¢ suf(p A (¢ suf ¢)) < n(p A (¢ suf ¢)) is derived in G3PPL.

Proor. Let X € TVar. Recall n(¢ A (¢ suf ¢)) =45 falsesuf(p A (¢ suf /). Without loss of generality, let X =y o Y.
We need to prove
(vii.a) X : ¢psuf(p A (psuf ) = X : n(p A (psuf ¢)).
(vii.b) X :n(¢p A (psuf ) = X : psuf(p A (¢ suf ¢)).
Case for proving (vii.a): By (suf) on the left:
Y:(pA(psufy))) V(¢ Agsuf(p A (Psufh))) = yoV : falsesuf (¢ A (¢ suf¢))

By (suf) on the right, we get Y : (¢ A (¢psuf ) and Y : false A falsesuf(p A (¢p suf ¢)). Since false A (-) is trivially
false, the right side effectively reduces to Y : ¢ A (¢ suf ¢).
By (VL) on the left, we split into 2 cases:
(viial) Y: 9 A (¢psuf ) = Y : p A (P suf )
(vii.a2) Y: 9 Adsuf(p A (psuf ) = Y : ¢ A (psuf )
Case (vii.al) is immediately closed by (ax).
For case (vii.a2), by (AL) on the left and (AR) on the right, we need to show Y : ¢ and Y : ¢ suf ¢ from Y : ¢ and
Y : ¢suf(¢p A (¢ suf /). The branch for Y : ¢ on the right is trivially obtained from Y : ¢ on the left. For Y : ¢ suf ¢/,

letY =z0Z. By (suf) on Y : ¢ suf(¢p A (¢ suf ¢)):
Z:(PpA(Psuf )V (pAPsuf(p A (psufyy))) = z0Z: psuf

By (VL):
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(vii.a2l) Z: P A (psuf ) = z0Z : psuf ¢
(vii.a22) Z : p A psuf (P A (Ppsuf ) > zoZ: psuf y

Case (vii.a21): By (AL), wehave Z : ¢, Z : psuf y = z 0 Z : g suf /. By (suf) on z ¢ Z : ¢ suf / on the right, we get
Z:yand Z : ¢ A (¢ suf ). By (AR), the latter can be proved from the left. This case is trivially closed.
Case (vii.a22): By extending z o Z : ¢ suf / by (suf) on the right, and then weakening, we obtain:

(vii.a221) Z:p A psuf(P A (psuf ) = Z:p Apsuf ¢

which has the same form as (ivv.a2). Note that the derivation path from (vii.a2) to (vii.a221) has applied (suf), forming
a back-link. The derivation path is progressive since rule (suf) is applied.

Case for proving (vii.b): By (suf) on the left:
Y: (¢ A (psufy)) Vv (false A falsesuf (¢ A (¢ suf y))) = yoY : gsuf(p A (¢sufy))
Since false A (-) is trivially false, by (VL) this simplifies to:
(vii.b1) Y: ¢ A (psuf ) = yoY: dsuf(f A (suf))

By (suf) on the right side, we get Y : (¢ A (¢psuf ¢)) and Y : ¢ A ¢ suf (¢ A (¢ suf ). By (VR), we only need to show
one disjunct. The first disjunct Y : ¢ A (¢ suf ) is exactly the left side. This case is immediately closed by (ax).

PROPOSITION A.8 (RULE (viir)). Rule (viii): ¢ suf (¢ A (¢ suf )) < ¢ suf (¢ Any) is derived in G3PPL.

Proor. Let X € TVar. Recall that ny =4¢ falsesuf y. We need to prove

(viii.a) X : psuf(p A (¢psuf ) = X : psuf(p Any).

(viii.b) X : psuf(¢p Anyy) = X : psuf(p A (¢ suf ¢)).
Case for proving (viii.a): That is, X : g suf (¢ A (psuf ¢)) = X : ¢ suf (P A falsesuf ).
Without loss of generality, let X = x o Y. By applying (suf) on the left:

Y:(pA(psuf )V (g Adsuf(p A (psuf¢h))) = xoY : psuf(¢p A falsesuf 1))
By (VL) on the left, we split into 2 cases:

(viilal) Y: ¢ A (psuf ) = x oY : psuf (¢ A falsesuf i)
(viii.a2) Y: ¢ Apsuf(p A (psuf ) = xoY : psuf(P A falsesuf ¢)

Case (viii.al): By applying (suf) onx o Y : ¢ suf (¢ A falsesuf i) on the right, we obtain:
Y:pA(psuf ) = Y:(¢p A falsesuf ), Y : ¢ A ¢ suf(¢p A falsesuf i)
By applying (AR) on Y : (¢ A falsesuf /) on the right:
(viii.all) Y: ¢ A (¢psuf ) > Y : 4, Y : ¢ A psuf (P A falsesuf ), which is trivially closed (by (AL) and (ax) on Y : ¢).
(viii.al2) Y:p A (¢psuf ) = Y : falsesuf Y, Y : ¢ A ¢ suf (¢ A falsesuf ¢)
For case (viii.a12), by applying (AR) on Y : ¢ A ¢ suf (¢ A falsesuf ¢) on the right:
(viii.a13) Y: d A (psuf ) = Y : falsesuf ¢, Y : ¢, which is trivially closed (by (AL) and (ax) on Y : ¢).

(viii.al4) Y: P A (psuf ) = Y : falsesuf ¥/, Y : g suf (¢ A falsesuf ¢)
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For case (viii.al4), by (AL) on the left, we have Y : ¢, Y : ¢ suf /. Rename Y =y ¢ Z. By (suf) ony o Z : falsesuf ¢ on
the right, we get Z : ¢ and Z : false A false suf i; since false A (-) is trivially false, the right side effectively contributes

only Z : . So we need to show:

yoZ:pyoZ:psufy = Z:¢,yoZ: psuf(¢ A falsesuf ¢)
By (suf) on y ¢ Z : ¢ suf ¢ on the left, we obtain:

Z:YyN(@Apsufy) = Z:y,yoZ: ¢psuf(P A falsesuf )

By (VL) on the left, we split into 2 sub-cases:

(viii.al4l) Z: ¢y = Z 1,y o Z : ¢ suf(§ A falsesuf ), which is closed by (ax).
(viii.al42) Z:p Apsufy = Z : Y,y o Z : p suf (¢ A falsesuf )

For case (viii.a142), by weakening on Z : ¢/, it suffices to show:
Z:pA(psufy) = yoZ: psuf(¢p A falsesuf )

which is exactly (viii.al) (with Z, y o Z in place of Y, x ¢ Y), forming a back-link. The derivation path from (viii.al) to
this back-link is progressive since rule (suf) has been applied (ony ¢ Z : ¢ suf y and on y o Z : falsesuf ).
Case (viii.a2): By applying (suf) onx o Y : ¢ suf (¢ A falsesuf i) on the right, we obtain:

Y:pApsuf(P A (psufyy)) = Y : (P A falsesuf ), Y : ¢ A ¢ suf (¢ A falsesuf i)
By applying (AR) on Y : (¢ A falsesuf i) on the right:
(viii.a21) Y: A psuf (P A (psuf ) = Y :h, Y : § A psuf(¢ A falsesuf ), which is trivially closed (by (AL) and (ax)
onY :¢).
(viil.a22) Y: d A psuf(p A (psuf ) = Y : falsesuf , Y : ¢ A ¢ suf (P A falsesuf )
For case (viii.a22), by applying (AR) on Y : ¢ A ¢ suf (¢ A falsesuf /) on the right:

(viil.a23) Y: d A psuf(p A (psuf ) = Y : falsesuf , Y : ¢, ..., which is trivially closed (by (AL) and (ax) on 'Y : ¢).
(viil.a24) Y: p A psuf(p A (psuf ) = Y : falsesuf , Y : g suf (¢ A falsesuf )

For case (viii.a24), by (AL) and weakening on the left, we obtain:
(viii.a241) Y : g suf (¢ A (psuf ) = Y : psuf(§ A falsesuf ¢)

which is exactly (viii.a), forming a back-link. The derivation path from (viii.a) to (viii.a241) is progressive since rule
(suf) is applied.

Case for proving (viii.b): That is, X : ¢ suf (¢ A falsesuf ) = X : ¢ suf (¢ A (¢ suf ¢)).

Without loss of generality, let X = x ¢ Y. By applying (suf) on the left:

Y : (¢ A falsesuf ) V (§ A psuf(§ A falsesuf ) = x oY : psuf (P A (¢ suf ¢))

By (VL) on the left, we split into 2 cases:

(viii.b1) Y : ¢ A falsesuf y = x oY : ¢ suf(p A (¢ suf ¢))
(viii.b2) Y : ¢ A psuf (P A falsesuf ) = x oY : psuf (P A (Hsufy)))
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Case (viii.b1): By applying (suf) on x o Y : ¢ suf (¢ A (¢ suf ¢)) on the right, we obtain:
Y:¢Afalsesuf y = Y : (¢ A (psuf ), Y : ¢ A psuf(p A (¢suf¢)))
By applying (AR) on 'Y : (¢ A (¢ suf ¢)) on the right:

(vili.b11) Y : ¢ A falsesuf y = Y : ¢, Y : ¢ A psuf (¢ A (¢ suf 7)), which is trivially closed (by (AL) and (ax) on 'Y : ¢).
(viii.b12) Y : ¢ A falsesuf y = Y : (psuf /), Y : ¢ A psuf($ A (¢ suf ¢))

For case (viii.b12), rename Y = yoZ. By (AL) on the left, we have yoZ : ¢, yoZ : false suf /. By (suf) onyoZ : falsesuf i
on the left, since false A (-) is trivially false, we effectively get Z : /. By (suf) on y ¢ Z : (¢ suf /) on the right, we get
Z:yand Z : ¢ A (¢ suf ). Together we need:

YoZ . Z: Yy =Z: Y Z:pA(psufy)),yoZ: ¢ Apsuf(p A (¢sufy))

which is trivially closed by (ax) on Z : ¢.
Case (viii.b2): By applying (suf) on x o Y : ¢ suf(¢p A (¢ suf ¢)) on the right, we obtain:

Y:@Apsuf(¢p A falsesuf ) = Y : (¢ A (psufy))),Y : ¢ A Psuf(¢ A (fsuf )
By weakening on Y : (¢ A (¢ suf ), it suffices to show:
Y:¢ A¢suf(¢ A falsesuf ) = Y : ¢ A psuf (¢ A (§suf )
By applying (AR) on the right:

(viii.b21) Y : ¢ A ¢ suf (¢ A falsesuf ) = Y : ¢, which is trivially closed (by (AL) and (ax) on Y : ¢).
(viii.b22) Y : ¢ A ¢ suf (¢ A falsesuf ) = Y : psuf(p A (¢ suf ¢))

For case (viii.b22), by (AL) and weakening on the left, we obtain:
(viii.b221) Y : ¢ suf(¢p A falsesuf ) = Y : psuf (¢ A (¢ suf )

which is exactly (viii.b), forming a back-link. The derivation path from (viii.b) to (viii.b221) is progressive since rule

(suf) is applied.

ProposITION A.9 (RULE (1x)). Rule (ix): f n true < false is derived in G3PPL.

Proor. Let X € TVar. Recall that n true =q¢ false suf true. We need to prove

(ix.a) X : f(falsesuf true) = X : false.
(ix.b) X : false = X : f(false suf true).

Case for proving (ix.a): Without loss of generality, let X = x ¢ Y. By the rule (f) on x ¢ Y : f(false suf true):
x : falsesuf true = x o Y : false

By (suf x), the sequent is closed.
Case for proving (ix.b): This is trivially closed since X : false is on the left side.

ProrosITION A.10 (RULE (x)). Rule (x): =¢ A f ¢ — n true is derived in G3PPL.
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Proor. Let X € TVar. We need to prove
X:=¢pAfp = X :ntrue.

Thatis, X : =¢ A f ¢ = X : falsesuf true.
Without loss of generality, let X = x ¢ Y. By (AL) on the left:

xoY:=p,xoY: £ = x0Y : falsesuf true

By therule (f)onxo Y : f¢:
xoY:ng,x:¢p = xo0Y : falsesuf true

By (suf) on x ¢ Y : false suf true on the right side, we obtain:
xoY:=p,x:d =Y :trueV (false A falsesuf true)
Since false A () is trivially false, by (VR) it suffices to show:
xoY:-px:¢p=7Y:true

which is trivially closed since Y : true is always provable.

[m]
ProposITION A.11 (RULE (x1)). Rule (xi):p < f p, where p is an atomic proposition, is derived in G3PPL.
ProoF. Let X € TVar. We need to prove
(xia) X:p=>X:fp.
(xi.b) X:fp=>X:p.
Case for proving (xi.a): Without loss of generality, let X = x ¢ Y. By the rule (f) on x ¢ Y : f p on the right:
xoY:p=>x:p
By the rule (p) onx o Y : p on the left:
X:p=x:p
which is immediately closed by (ax).
Case for proving (xi.b): Without loss of generality, let X = x ¢ Y. By the rule (f) on x ¢ Y : f p on the left:
x:p=>xoY:p
By the rule (p) on x ¢ Y : p on the right:
xX:p=>x:p
which is immediately closed by (ax). O

ProposITION A.12 (RULE (x11)). Rule (xii):£ ¢ A {a)y & (a)(f ¢ A ) is derived in G3PPL.

Proor. Let X € TVar. We prove both following directions by structural induction on @. Throughout, recall that
()0 =q5 —~[a]-0.

(xii.a) X :fp A {a)y = X : (@) (£ P AY).
(xii.b) X : {a)y(f P AY) = X : £ A{a)Y.
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Case for proving (xii.a): By (AL) on the left, we need to show:
X:£¢.X: () = X :(a) (¢ A Y)
Case « = a (atomic action). Let X = Y ¢ x. We need:
(xii.a.a) Yox:fp,Yox:{(a)y = Yox:(a)(fpAY)
By ({a)R) and ({a)L), it suffices to show, for a new y:
Yox:fhYoxoy:y=>Yoxoy:fPAy

By (AR) on the right, we need Y ox oy : £ ¢ and Y o x o y : /. The latter is on the left. For the former, let Y =z o Z, by
(f) on Y ox : £ § on the left we get z : ¢, and by (f) on Y o x oy : f ¢ on the right we need z : ¢, which is available. This
case is closed.

Case a = y? (test). Let X = Y o x. We need:

(xii.a.y?) Yox:fgYox: ()Y =>Yox: ()}N(EPAY)
By ({(¢?)L) on the left, we get x o x : y and Y o x o x : /. By ((¢?)R) on the right, we need:

(xit.a.y?.1) Yox:fgxox: y,Yoxox:y = xox: y, which is closed by (ax).
(xit.a.y?.2) Yox:fgxox: y,Yoxox:y=>Yoxox:(fp A¢).By (AR),weneedYoxox:fpandYoxox: . The
latter is on the left. For the former, let Y = z ¢ Z, by (f) on Y o x : f ¢ on the left we get z : ¢, and by (f) on

Y o x o x : f ¢ on the right we need z : ¢, which is available. This case is closed.

Case a = a1 ; ; (sequential composition). We need to prove:
(xiias) X £, X (o100 = X : {a1;02) (£ A Y)
By (;), we need:
(xii.a;.1) X:£¢, X : (ar){a)y = X : {a1){a)(f P A Y)
By the induction hypothesis for a;:
(i 11) X5 £, X : (an)aadyy = X : (@) (£ A (@)¥)

is provable. So from (xii.;.1), by applying (cut), we need to prove (xii.;.11) and :
(xii;.12) X : {a1)(f P A {a)¥) = X : {1){az) £ P A Y)
By the Necessitation Lemma we then need:
X (f A (az)y) = X : (o) (FP A Y)
But this is straightforward by induction hypothesis.
Case a = a; U a; (choice). We need to prove
(xii.aU) X : £, X : (a)y V()Y = X : () (Fp AY) V {az) (£ P A Y)
By (VL) and (VR), we need to prove both:

(xiiaU.1) X : £,X : () = X : (a)(Ed AP)X : () (£ A )
(xiiaU.1) X : f phi, X : (@) = X : () (£ A ), X : (@) (Ep AY)
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Both are direct by weakening and induction hypothesis. For example, from (xii.a.U.1), by (wk), we need:
X:f£9, X {an)y = X : {ar)(f P A Y),

which is provable by induction hypothesis.

Case o = o] (iteration). We need to prove:
(xii.ax) X:f¢, X : (a))y = X : (a]) (P AY)
By (¥), X : (a])¥ gives X : (true? Uay ;a})y, i.e., X : (true?)y or X : {a1){a;)y. So, we split (xii.a.*) into:

(xiia.x1) X : (true?)y = X : (o) £ P A V)
(xii.a.x.2) X : (e ){a))¥ = X : (o)) (£ AY)

Case (xii.a.*.1): By (*) on the right, X : (a])(f ¢ A /) gives X : (true? U ay ;o] )(f ¢ A ). It suffices to show
X (true?)yy = X : (true?)(f o A Y).
This is straightforward. Let X =Y ¢ x, then by rule (x?) on the right we have
X :(true?)y = xox:trueYoxox: (fPAY).

This closes since we have x o x : true on the right.

Case (xii.a.*.2): By (x) on the right, it suffices to show
(xii.a. % .21) X : {ap){a))y = X : {ar){a;) (£ P A V).
By the induction hypothesis for a; (with (a;)¥ in place of 1), we know that
(xiia. % .211) X : £, X : () (o)) = X : (1) (£ P A {a])V¥)
is provable. So, from (xii.a.*.21), by (cut), we need to prove (xii.a*.211) and:
(xii.a. %.212) X : {a1)(£P A (a])Y) = X : {ar1){a]) (P A Y)
From (xii.a.*.212), by Necessitation Lemma, we obtain:
(xii.a..2121) X : (fp A{a])P) = X : (a]) (P AY)

which is exactly (xii.a.*) (after applying rule (AL)). And it is a back-link since from (xii.a.*) to (xii.a*.2121), Necessitation
Lemma has been applied.
Case for proving (xii.b):
Case o = a (atomic action). Let X = Y ¢ x. We need:
(xii.b.a) Yox:{(a)(fpAy)=>Yox: £ A(a)y
By (AR) on the right, we split into:
(xiib.al) Yox:(a)(fpAY) = Yox:f¢.
By ({@))L, it suffices to show xR, y, Yoxoy : (fpA)) = Yox : f ¢ withanew y. By (AL), we have Yoxoy : £ ¢.
LetY =z0Z.By (f) onY ox oy : f¢ on the left, we get z : §. By (f) on Y o x : f ¢ on the right, we need z : ¢,
which is available. This case is closed.

(xii.b.a.2) Yox: (a)(fp AY) = Yox: (a)y.
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This follows from the Necessitation Lemma applied to X : f ¢ Ay = X : ¢/ (trivially derivable by (AL) and (ax)).
Case a = y? (test). Let X = Y o x. We need:

(xiib.y?) Yox: (YyN(foAyy) =Yox:fdp ANy
By ({(¢?)L) on the left, we get x ox : yand Y o x o x : £ § A /. By (AR) on the right:

(xiib.y?.1) xox: y,Yoxox:fd Ay =>Yox:fo.
By (AL), wehave Yoxox : f@.LetY =z¢0 Z. By (f) on Y o x o x : £ ¢ on the left, we get z : ¢. By (f) on
Y o x : £ ¢ on the right, we need z : ¢, which is available. This case is closed.

(xiib.y?.2) xox: y,Yoxox:fp Ay = Yox: (}yM.
By ({¢?)R) on the right, we need x o x : y (available on the left) and Y o x o x : / (obtained from Yoxox : fp Ay
by (AL) and (ax)). This case is closed.

Case a = a1 ; a2 (sequential composition). We need:
(xii.b;) X :{a;a)(fPAY) = X :£p A ar;0)¢
By (;), this becomes:

X (o) (EP A Y) = X £ A (ar){a2)y
By the induction hypothesis for az, X : (a2)(fp Ay) = X : £ ¢ A {a2)¢ is provable. By the Necessitation Lemma:

(xiib;.1) X : (a)a)(Ep A ) = X : () (F P A (az)y)

is provable. By the induction hypothesis for a; (with {(a2)¥ in place of ¢):
(xiib;.2) X :{a)(fg Aa)y) = X : £ A {a1){a)y

is provable. The result follows by (cut) on (xii.b.;.1) and (xii.b.;.2).

Case o = a1 U oy (choice). We need:
(xii.bV) X:{qUa)(fpAY) = X TP A (g Uar)y

By (U), X : (ar Uap)(f P A ) gives X : (a1)(£P A ) or X : (a2) (f ¢ A ¢). Consider the sub-case X : (a1)(f ¢ A ¢): by
the induction hypothesis for a;:

X :(a)(fpAny) = X £ A (a)y
is provable. Since {(a;)¥ implies (a1 U a3)¥ (by ([U])), we obtain X : f ¢ A (a1 U az)¥ by (cut). The sub-case for o; is
symmetric.

Case o = o] (iteration). We need:
(xii.bx) X:{a))EPAY) =X £ A{a])Y
By (()), X : {a]) (£ ¢ A ) gives X : (true?)(f ¢ A ) or X : (a1){a;)(f § A /). Consider two cases:
(viibx.1) X : (true?)(fp AY)) = X : £ A {a])¥
(viib.x.2) X : (e ){a)) £ AY) = X : £ A (a])y
For (vii.b.x.1), let X = Y o x, then by ((¢?L)), Y : (true?)(fp Ay) gives x o x : true, X ox o x : (fp A)). By (AR), we
need to prove:

(vitb.#.11) Yoxox: (fpAYy) > Yox:f¢
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(viibx.12) Yoxox: (fo AY) = Yox : (a))¥
(vii.b.x.11) can be obtained by applying (f) on both sides since they both contain f ¢. (vii.b.#.12) can be obtained by

applying ((*)) on the right side to match x ¢ x : true.
For (xii.b.*.2), by the induction hypothesis for a;, we know that

(xiib. +.21) X : () (Ed A @)y) = X : £ A (ar)(al)y

is provable. So by (cut) and that fact that {a;){a})¢ actually implies (a;)¥/, to prove (vii.b..2) it is sufficient to prove
both (xii.b.*.21) (which has been proved by the induction hypothesis) and:

(xii.b. %.22) X : {ap)(a))EP AY) = X : (ar)(£ P A (a])Y).
By Necessitation Lemma, (xii.b*.22) gives
(xii.b. %.221) X : (a]Y(fPp AY) = X : (f ¢ A (a])Y),

which is exactly (xii.b*). We thus obtain a cyclic derivation from (xii.b.x) to (xii.b.*.211) since during which the

Necessitation Lemma is applied.

ProposITION A.13 (RULE (x111)). Rule (xiii): n{a)¢ <> ntrue A (@) i ¢ is derived in G3PPL.

Proor. Let X € TVar. Recall that n =45 falsesuf 0 and fi 0 =4y - n -0 = =(false suf ~0). We prove both following
directions by structural induction on a.
(xiii.a) X :n{a)p = X :ntrue A {a)n .
(xiii.b) X :ntrue A {a)n ¢ = X : n{a)¢.
Case for proving (xiii.a): That is, X : falsesuf{a)¢ = X : (false suf true) A {(a)—(falsesuf —¢).
Without loss of generality, let X = x ¢ Y. By (suf) on x ¢ Y : falsesuf(a)¢ on the left, since false A (-) is trivially

false, we get:
Y : (a)p = x oY : (falsesuf true) A (a)—(false suf —¢)
By (AR) on the right, we split into:
(xiii.a.1) Y : (a)p = x oY : falsesuf true.
By (suf) on x o Y : false suf true on the right, since false A (-) is trivially false, we need Y : true, which is always
provable.
(xiil.a.2) Y : (a)p = x oY : {a)—(falsesuf —¢)
For case (xiii.a.2), we prove by structural induction on a.

Case a = a (atomic action). Let Y = Z ¢ y. We need:
Zoy:{(a)p = xoZoy: {(a)y—(falsesuf =¢)

By ({a)L) on the left, we get yR, z’ and Z o y ¢ 2z’ : ¢. By ({a)R) on the right (with the same z’), we need x 0 Z oy oz’ :
= (false suf =¢). By (—=R):
Zoyoz :p,xoZoyoz : falsesuf = = -
By (suf) on x ¢ Z o y o 2’ : falsesuf ¢ on the left, since false A (-) is trivially false, we get Z o y o 2z’ : =¢. Then
Zoyoz :pand Zoyoz' : ~¢ gives a contradiction, closing by (—=L) and (ax).
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Case a = y? (test). Let Y = Z o y. We need:

Zoy: (}yNp = xoZoy: {}?)~(falsesuf —¢)
By ({¢?)L) on the left, we get yoy : yand Z oy oy : . By ({(¢?)R) on the right, we need:

(xiii.a.y?.1) yoy: y,Zoyoy: P = yoy: x, closed by (ax).
(xiil.a.x?.2) yoy: y,Zoyoy: ¢ = xoZoyoy : ~(falsesuf —¢). By (-R), weneed Zoyoy : p,xoZoyoy : falsesuf ~¢ = -.
By (suf), since false A () is trivially false, we get Z ¢ y o y : ~¢. Contradiction with Z o y o y : ¢. Closed.

Case a = a1 ; a; (sequential composition). By ((;)):

Y (an)az)p = x 0 Y : {1 ){az)~(false suf —=¢)
By the induction hypothesis for a; (with {(a;)¢ in place of ¢):
(xiii.a.;.1) Y : () {az)p = x oY : {a1)~(false suf —(a2)¢)
is provable. We also need:
(xiii.a.;.2) xoY : {ar)~(falsesuf ={(az)p) = x oY : {a1){az)~(false suf —¢)
so that the result can follow by (cut). By the Necessitation Lemma, it suffices to show:
(xiii.a.;.21) xoY : = (falsesuf —(az)p) = x o Y : (az)~(false suf —¢)

By (cut), it is equivalent to show

(xiii.a.;.211) x o Y : = (falsesuf —(az2)p) = Y : (a2) .

(xiil.a.;.212) Y : {a2)p = x 0 Y : {az)—(false suf —~¢).
(xiii.a.;.211) is not hard to archieve by applying (=R) and (suf) on the left to get both Y : =(a;)¢ and Y : {@2)¢ on the
left, which closes the branch.

(xiii.a.;.212) is exactly provable by induction hypothesis on a;.

Case o = a; U ay (choice). We need
Y:{ammUaz)p = x oY : (1 Uaz)—(falsesuf =¢).

By ({U)),Y : (s Uaz)p gives Y : (a1)porY : (az)¢.In the sub-case Y : {@;)¢: by the induction hypothesis for a;, we get
x oY : (a1)—(falsesuf =¢). Since Y : (@1)0 implies Y : (a1 U a2)0 (by ({U))), we obtain x o Y : {a; U az)—(false suf —¢).
The sub-case for @, is symmetric.

Case a = o] (iteration). We need to prove
(xiii.ax) Y :{a})p = x oY : {a])~(false suf —¢).
By ((¥)), Y : (a;)¢ gives Y : (true?)¢ or Y : (ay){(a])¢. We need
(xiii.a’1) Y : (true?)d = x oY : (a])—(false suf —~¢).
(xiii.a’2) Y : (a){a;)p = x oY : {a])~(false suf —¢)
For (xiii.a*.1): It gives Z o y o y : ¢ by letting Y = Z o y and applying ($?)L. By ({*)) on the right, it suffices to show
x oY : (true?)—(falsesuf =¢), e, x o Z oy oy : —~(falsesuf =¢). By (=R):

Zoyoy:P,xoZoyoy: falsesuf ¢ = -.
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By (suf), since false A (-) is trivially false, we get Z o y ¢ y : —¢p. Contradiction with Z o y o y : ¢. Closed.
For (xiii.a*.2): By ({*)) on the right, it suffices to show x o Y : {(a1){a;)—(falsesuf =¢).
By the induction hypothesis for a;:

(xiii.a. *.21) Y : {a1){a})p = x oY : {a1)~(false suf =(a])¢)
is provable. We also need:
(xiii.a. % .22) x oY : (a1)~(falsesuf —(a})d) = x oY : {a1){a])~(false suf —¢)
in order to prove (xiii.a”.2) by (cut). By the Necessitation Lemma, it suffices to show:
x oY : =(falsesuf ~(a])$) = x oY : (aj)~(false suf —¢)

By (=R) and (=L): - = x o Y : falsesuf ~(a)¢,x o Y : {a})~(false suf —¢). By (suf) on x ¢ Y : falsesuf —(a])¢, since
false A (-) is trivially false, we need Y : =(a})¢, i.e., by (=R): Y : {a])¢ = x oY : {a])—(false suf ~¢), which is exactly
(xiii.a”), forming a back-link. The derivation path is progressive since the Necessitation Lemma has been applied.
Case for proving (xiii.b): That is, X : (falsesuf true) A (a)—(falsesuf ~¢) = X : false suf ().
By (AL) on the left:
X : falsesuf true, X : (a)—(falsesuf —=¢) = X : falsesuf(a)¢

Without loss of generality, let X = x o Y. By (suf) on x ¢ Y : false suf true on the left, since false A () is trivially false,
we get Y : true (trivially satisfied). By (suf) on x o Y : falsesuf(a)¢ on the right, since false A (-) is trivially false, we
need Y : (a)¢. So it suffices to show:

x oY : (a)-(falsesuf =) = Y : (a)¢

We prove this by structural induction on a.

Case a = a (atomic action). Let Y = Z ¢ y. We need:
xoZoy:(a)y~(falsesuf =) = Z oy : (a)¢

By ({a)L) on the left, we get yR, 2" and x ¢ Z o y ¢ 2’ : =(false suf =¢). By ({(a)R) on the right (with the same z’), we
need Zoyoz' : ¢.By (=L) onxoZoyoz : —(falsesuf =¢), we need to show = xoZoyoz’ : falsesuf =, Zoyoz' : §.
By (suf) on x 0 Z o y o 2’ : falsesuf ¢, since false A (-) is trivially false, we need Z o y o z’ : —¢. So we need
= Zoyoz ¢, Zoyoz : ¢, which closes by (=R) and (ax).

Case a = y? (test). Let Y = Z o y. We need:

xoZoy: ()"~ (falsesuf =) = Z oy : (}y?)¢

By ({(¢?)L) on the left, we gety oy : y and x ¢ Z o y o y : ~(false suf —¢). By ((¢?)R) on the right, we need:

(xiilb.x?.1) yoy: y,xoZoyoy: ~(falsesuf =) = y oy : x, closed by (ax).

(xiilb.x?.2) yoy: y,xoZoyoy: ~(falsesuf =) = Zoyoy: . By (=L) on x ¢ Z o y o y : —(falsesuf =¢), then (suf),

this reduces to = Z oy oy : =, Z oy oy : ¢, which closes by (=R) and (ax).

Case a = a1 ; ; (sequential composition). By ((;)):

(xiiib.;. 1) x oY : {ar){(az)—(falsesuf =) = Y : (a1){az)¢
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By induction hypothesis, we have that
(xiii.b.; . 11) x oY : (ay)—(falsesuf —={az)p) = Y : {a1){az)¢
is provable. So by (cut), to prove (xiii.b.;.1), we still need
x oY : (o) {(az)~(falsesuf =) = x oY : (a1)—(false suf —(az) @),
which is
(xiii.b.;.12) x oY : {az)—~(falsesuf =) = x oY : =(false suf ={az)¢)
by Necessitation Lemma. By (cut), (xiii.b.;.12) yields
(xiii.b.;.121) x o Y : {az)~(falsesuf =¢) = Y : (az)¢, which is provable by induction hypothesis.

(xiii.h.;.122) Y : {a2)¢p = x o Y : =(false suf —(az)¢), which can be proved by further extend x ¢ Y : =(false suf —=(a;)¢$) and
obtain both Y : (a;)¢ and Y : =(a2)¢ on the left.

Case a = a; U a; (choice). We need to prove
xoY : (g Uag)~(falsesuf =¢) = Y : (a1 U az) .

By ((U)), xoY : (o1 U ap)—(false suf —¢) gives xoY : (a1)—(falsesuf =) or xoY : (az)—(false suf —~¢). In the sub-case
for a;: by the induction hypothesis, we get Y : (at1)¢. Since Y : (a1)¢ implies Y : (a; U az)¢ (by ({U))), we can obtain
Y : (@1 Uaz)¢ by (cut). The sub-case for a; is symmetric.

Case o = o] (iteration). We need to prove
(viii.b.x) x oY : (a7)~(falsesuf =¢) = Y : (a])$.

By ((¥)), x ¢ Y : {(a])—(falsesuf —¢) gives x o Y : (true?)—(falsesuf =¢) or x o Y : (a1 ){a})~(false suf ~¢). We need
Y : {a])$. We need to prove:
(viiib>.1) x o Y : (true?)—(falsesuf =¢) = Y : (a])¢
(viii.b*.2) x o Y : {a1){a])~(falsesuf —¢) = Y : (a])¢
Sub-case (viii.b1): Let Y = Z o y, by ({(¢?)L) we can replace x ¢ Y : (true?)—(falsesuf —¢) with y o y : true and
xoZoyoy: (falsesuf ~¢). While on the left side, by (+), we obtain Z oy : (true?)$ and Zoy : (a1){a;)$. By ({(#?)R)
we can replace Z oy : (true?)¢ with Z oy oy : ¢. The branch is then closed by extend x o Z o y oy : —=(false suf —¢) and
obtain Z ¢ y ¢ y : =¢) on the right.
Sub-case (viii.b.".2): By ({*)) on the right, it suffices to show Y : {a;){a])¢. By (cut), to prove (viii.b".2), it is equivalent
to prove:
(viiib*.21) x o Y : {a1){(a])~(falsesuf =¢) = x o Y : (a1)=(false suf —=(a])¢)
(viii.b?.22) x o Y : ()~ (falsesuf —(aj)p) = Y : {a1){a])¢
note that Y : {(a;)(a})¢ implies Y : (a])¢ (by ({*))).

(viil.b>.22) is provable by inductive hypothesis for o;. From (viii.b*.21), by Necessitation Lemma, we have
x oY : {aj)~(falsesuf =¢) = x o Y : = (false suf ~(a])¢)

By (=R): x ¢ Y : {ay)~(falsesuf ~¢),x o Y : falsesuf ~(a})¢ = -. By (suf), since false A (-) is trivially false, we get
Y : =(a})¢. By (=L):

(viii.b. % .221) x oY : {ay)—~(falsesuf =¢) = Y : (a])P,
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which is exactly (viii.b*), forming a back-link. The derivation path from (viii.b*) to (viii.b*.221) is progressive since the
Necessitation Lemma has been applied.
m}

PrROPOSITION A.14 (RULE (x1V)). Rule (xiv): (@) true — fin is derived in G3PPL, where we define fin =45 truesuf (true A
—ntrue), ie.,

fin =47 truesuf(true A —~(falsesuf true)),

which means there exists a finite suffix where the trace ends.

ProorF. Let X € TVar. Since X is finite, the premise X : (@) true is in fact not used. By (wk) on the left, it suffices to

prove the premise-free sequent
(xiv.1) - = X : truesuf (true A =(false suf true)).

We give a cyclic derivation of (xiv.1).
Without loss of generality, let X = x ¢ Y. By (suf) on x ¢ Y : truesuf (true A —(false suf true)) on the right, we obtain:

- = Y : (true A —(false suf true)) V (true A truesuf (true A —(false suf true)))
By (VR), this becomes:
- = Y : (true A = (falsesuf true)),Y : true A truesuf(true A —(false suf true))

By (AR) on Y : true A truesuf (true A —(false suf true)) on the right, we split into two sub-cases:

(xiv.11) - = Y : (true A —(falsesuf true)),Y : true, which is closed since we have Y : true on the right.

(xiv.12) - = Y : (true A =(falsesuf true)),Y : true suf (true A —(false suf true)).
For (xiv.12), by (wk) we obtain:
(xi0.121) - = Y : truesuf (true A =(false suf true)),

which is exactly (xiv.12) with Y in place of X, forming a back-link. The derivation path from (xiv.1) to (xiv.121) is

progressive since (suf) has been applied.

ProposITION A.15 (RULE (xV)). Rule (xv): ((n¢ — ¢) suf ¢) — n ¢ is derived in G3PPL.
Proor. Recall n¢ =4y falsesuf ¢. So we need to prove:
(xv.1) X : ((falsesuf §) — @) suf ¢ = X : falsesuf §.

Without loss of generality, let X = x o Y. By (suf) onx o Y : ((falsesuf ¢) — ¢) suf ¢ on the left:
Y: ¢V (((falsesuf ¢) — @) A ((falsesuf ¢) — §) suf ¢) = x oY : falsesuf ¢

By (suf) on x o Y : falsesuf ¢ on the right, since false A (-) is trivially false, we need Y : ¢. By (VL) on the left, we split

into 2 cases:

(xv.11) Y : ¢ = Y : ¢, which is closed by (ax).

(xv.12) Y : ((falsesuf ¢) — ¢) A ((falsesuf @) — P)suf p = Y : ¢
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For case (xv.12), by (AL):
Y : (falsesuf ¢) — ¢,Y : ((falsesuf ¢) — p)sufp =Y : ¢

By (— L) on Y : (falsesuf ¢) — ¢, we split into:

(xv.121) Y : ((falsesuf @) — @) suf ¢ = Y : falsesuf ¢, Y : ¢.

By weakening on Y : ¢, this reduces to:
Y : ((falsesuf ¢) — @) suf ¢ = Y : falsesuf ¢

which is exactly (xv.1) (with Y in place of X), forming a back-link. The derivation path is progressive since (suf)
has been applied.
(xv.122) Y : ¢, Y : ((falsesuf ¢) — ¢) suf § = Y : ¢, which is closed by (ax).

A.3 Completeness Proofs of G3FOPL

The proof of Lemma 7.2 requires two derived rules ([+']) and ({(+")), whose unlabelled versions can be derived from
the rules of FODL [12]. Below we show that they are derivable in G3FOPL.

LEMMA A.1. The following rules can be derived from G3FOPL:
X IT=2X:9,X:AN X:op=2X:[alp X:og=2X:¢
X:T=X:[a"]¢g,X: A

(K8}

X:IT=X:In>20.pn),X:A X:pn+1)=X:{appn) X:90)=X:¢

"))
X:T=>X:(a,X: A

The proof of Lemma A.1 depends on Lemma A.2 below, which is itself established using Lemma 6.2 from Section 6.

We therefore state and prove Lemma A.2 first.

LEMMA A.2. The following rules can be derived from G3FOPL:
X:¢p=X:[alp (129)
X:¢p=X:[a"]P
X:p(n+1) = X:(a)yp(n)
X :p(n) = X :(a")¢p(0)

(con)

In Lemma A.2, rule (inv) corresponds to the loop invariance rule of [12], while rule (con) corresponds to the

convergence rule of [12].

ProoF oF LEMMA A.2. The derivations for rules (inv) and (con) are given below; both rely on rule ([*]) to unfold
the iteration and on the Necessitation Lemma to handle modalities.
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The derivation for rule (inv):
X:¢ = X:[a*]¢ (bud) n
Lemma 6.2 X:p=>X:lalp X:lalp = X:[a]la"]¢
X:¢p=X:[true?]¢ X:¢p=X:a]lla*]¢ a
X:¢g=X:[true?Ua;a*]¢
X:¢p=X:[a*]P

ec)
(cut)

vl)

(=D

The derivation for rule (con):

Lemma 6.2 Cont.
X:n=0,X:¢9(0)=X:(true)p(0) X:n=1X:¢(n) = X:{(a)(a*)$(0)
X :¢p(n) = X : (a){a*)$(0), X : (true?)$(0)
X :¢p(n) = X : (true? U a; a*)¢p(0) (1)
X :¢p(n) = X : (a*)¢(0) ,

[u

X :d(n) = X : {a*)¢$(0) (bud) (neo)
X:pn+1) = X:(o)p(n) X:{(a)p(n) = X : {(a){a")p(0) (out)
Cont.: X : p(n+1) = X : (a){*)$(0) ,

where note that X : n > 1 A ¢(n) is logically equivalent to X : ¢(n + 1) (where we assume n > 0); from X : $(0) = X :
(true?)¢(0) one can also make use of Lemma 6.2 by firstly applying rule (-=R) and (-L) to transform the sequent into

the required form.

We now give the derivations of the two rules stated in Lemma A.1.

ProoF oF LEMMA A.1. Derivation of rule ([+']) in Lemma A.1. Starting from
(*.a) X:T=X:[a"]¢,X : A,
by applying (cut), we need:
(*.a1) X:T=X:9,X:[a"] X : A, from which by (wk) we obtain
(*.a11) X:T=X:0,X:A
(a2) X:T,X:0=X:[a]$X:A.
From (+’.a.2), by (cut) and (wk), we need:

(+.a.21) X : ¢ = X : [a*]¢, from which by rule (inv) in Lemma A.2, we have
(*.a.211) X : 9 = X : [a]o.
(+.a.22) X : [a"]¢ = X : [a*]¢, from which by Necessitation Lemma (Lemma 6.1), we have
(*.a221) X:9=>X: ¢

We have obtained the premisses of the rule ([+']) as: (+".a.11), (+".a.211), (+".a.221).

Derivation of rule ((+')) in Lemma A.1. Starting from

(*.b) X:T=X:{(a",X: A,
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By applying (cut), we need:
(+*b1) X:T=X:3ne(n) An=>0,X:{(a")$,X : A, from which by (wk) we obtain
(*.b.11) X:T=X:3np(n)An>0,X:A
(' b2) X:T,X:3nen) Anz20=X:(a")p,X: A
From (+'.b.2), by (3L), (AL) and (wk), we have
(*.b.21) X : p(n) = X : (a")¢.
By (cut), we need:

(*.b.211) X : p(n) = X : (a”)¢(0), from which by rule (con) in Lemma A.2, we obtain
(*".b.2111) X :p(n+1) = X : (a)p(n)
(*".b.212) X : (@")¢(0) = X : (a*)¢, from which, by Necessitation Lemma (Lemma 6.1), we need
(*.b.2121) X:0(0) > X : ¢

We have obtained the premisses of the rule ({+")) as: (+".b.11), (+'.b.2111), (+".b.2121). O

PRroOF OoF LEMMA 7.2. We proceed by induction on the structure of the program «. We first consider the case when
op is [a], the case when op is («) is similar except for the case of star programs.
The base case is when « is an atomic program, namely a. Without loss of generality, let X = Y o x. To prove

Yox:¢” = Yox: [a]y’, by rule ([«]R), it is sufficient to prove
Yox:¢" xRy = Yoxoy:y® (5)

By = (¢” — [a]y?), it is not hard to see that (5) is valid. So by (ter), we close the derivation.

The case when « is a sequential program, namely a; ; ;. By the soundness of rule ([;]), we obtain |= X : P =
X : [er1][a2]y”. By Lemma 7.1, there exists a pure arithmetical FOL formula @" such that = [a3]¥® < ¢". Hence
EX:¢" =X : [y’ and EX : ¢" = X : [a1]¢. By induction hypothesis, we have + X : (pb = X : [a]yY" and
FX ¢b = X : [a1]". By Necessitation Lemma, since + X : (pb = X: [y, F X : [a]e® = X : [aq] [az]t//b. By it
and + X : ¢b = X: [al]fpb, using rule (cut), we obtain + X : ¢b = X:[oy] [az]¢b. The result is direct by rule ([;]).

The case when « is a choice program, namely a; U a;. By the soundness of rule ([U]), |= X : ¢b = X: ([al]lﬁb A
[a2]yP), which is equivalent to |= X : ¢* = X : [a1]¢? and |= X : ¢* = X : [a;]¢’. By induction hypothesis, we have
FX:¢" = X: [a]yP and F X : ¢ = X : [ar]°. Therefore F X : ¢* = X : [ay U a3]y” by rule ([U]).

The case when « is a star program, namely o*. By Lemma 7.1, there exists an arithmetical FOL formula ¢” such that
= [a]‘]l,ﬁb & ¢ Then from E X : ¢* = X : [af]l//b, we also have = X : ¢* = X : ¢”. From | [af]l//b & ¢’ by the
soundness of the rules ([+]), ([U]), ([¢?]) and ([;]), it is not hard to see that |= ¢* < [a;‘]lﬁb o [true? U ay ;0(]"]1//b o
YA [al][af]lﬁb & * A [a1]¢". From these logical equivalences we see that |= ¢° — [a;]¢ and |= ¢ — ¥P.
By induction hypothesis, from |= X : ¢* = X : ", | X : ¢ = X : [m]¢", and |= X : 9" = X : y*, we have
FX: " =X : 9" FX:¢" = X: [a]e? and - X : " = X : yP. By rule ([#']), we have F X : ¢* = X : [al*]lpb.

Now we consider the case when op is (@), where the situations for « is an atomic, sequential and choice program
are similar to those for the case when op is [a] by applying the corresponding rules of the rules used above. The only
non-trivial case is when « is a star program a7
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By Lemma 7.1 and the way of expressing regular programs in arithmetical FOL in [12], we know that for any n > 0,
(af)t//b can be expressed as a formula ¢’ (n), ie., |= (af)l//b & ¢P(n). From the semantics of (al*>1//b, it is easy to see
that |= (a;‘)wb © 3n>0.¢"(n). From =X : ¢* = X : (af)l//b, we have = X : ¢* = X : 3n > 0.¢"(n). On the other
hand, by the soundness of the rule ({;)), there is ¢”(n + 1) < (a;’“)lﬁb o (o ;a{l)t,//" o (al)(af)l,//" o (a1)e" (n).
From these logical equivalences we get that |= @’ (n+1) > (a1)¢"(n). When n = 0, from |= ((x{')lpb o ¢ (n), by the
soundness of rule ({¢?)), we have |= (¢°)y" < (true‘?)zpb oo #"(0). So = ¢?(0) — l//b. By induction hypothesis,
from = X : ¢ = X :3n > 0.¢°(n), £ X : ¢"(n+1) = X : (a)¢"(n) and £ X : ¢°(0) = X : ¢P, we have
FX:¢? =X :3n>00"(n),F X:@°(n+1) = X : {a1)¢"(n) and r X : ¢?(0) = X : y°. By rule (+'), we obtain
FX:gh = X (ad)yP. o
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